Further Mathematics - Degree in Engineering - 2024/2025
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Exercise 1

Compute J(ny)dlxd]yd]z for D=
D
{6ygsx3z3511y9, 4y65x42258y6, 95x9yzz7518, X>0,y>0, z>0}
1) 1.70563
2) 1.60563
3) 0.00563081
4) -0.994369

5) -0.894369

Exercise 2
Compute the mean curvature for X(u,v)=
{Su+8v, -2u-3v, -3+4u*-12v+2Vv>+u (-7+3v)} at the point (u,v)=(-4,-4).
1) H(-4,-4) = -4.85559
2) H(-4,-4) = -2.5043
3) H(-4,-4) = 3.07185
4) H (-4, -4) = 8.59437

-0.000531549
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Exercise 3
ou 5%u
- (x,t) :95 (X,t) O<x<rm, O<t
u(o,t)=u(r,t)=0 0<t
9 x O<x<1
u()(’0>_{—9X+9+9 l<xsr @=x=r
-1 -1
0 True

Compute the temperature of the bar at the point x=1
and the moment t=1. by means of a Fourier series of order 11.

1) u(1,1.) = 3.79204
2) u(l,1.) = -4.85559
3) u(1,1.) = -5.85438
4) u(1,1.) = -7.79943

5) u(1l,1.) = 0.000734452
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Exercise 1

Compute J(2y+z3)dlxdlydlz for D=
D
{3x3y51511x3y, 2x° <z*<10%°, 2y4sx7256y4, X>0,y>0, z>0}
1) ©.0204574
2) -0.879543

3) -0.779543

4) 1.72046
5) 1.92046
Exercise 2

Compute the mean curvature for X(u,v)=
{Cos[u] (3+2Cos[v]) +2 (3+2Cos[v]) Sin[u] -Sin[v], 2 (3+2Cos[v]) Sin[u] -Sin[v],
-((3+2Cos[v]) Sin[u]) +Sin[v]} at the point (u,v)=(2,2).

1) H(2,2) = 5.29118

2) H(2,2) = 3.55707

3) H(2,2) = -8.77251

4) H(2,2) = 2.02416

5) H(2,2) = 0.8585632

Exercise 3

5%u 52u
e (X,t):9§ (X,1t) O<x<r, O<t
u(e,t)=u(m,t)=0 o<t
u(x,0)=-2 (x-3) x (x-r) Q<Xx=<T

a—iu(x,e):z (x-3) (x-2)x2 (x-7) B.=<x=<n
0 True

Compute the position of the string at x=2
and the moment t=0.3 by means of a Fourier series of order 12.

1) u(2,0.3) = 5.29118
2) u(2,0.3) = -4.83318
3) u(2,0.3) = 6.10633
4) u(2,0.3) = 3.55707

5) u(2,0.3) = -7.56929
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Exercise 1

Given the function

f(X,y,2)=-7+2x-x>+6y-y*+4z-2z> defined over the domain D=
XZ y2 ZZ
— + — + — <1, compute its absolute maxima and minima.
9 25 16

1) We have a minimum at {-0.28198, -4.71191, ?}
2) We have a minimum at {1, 3, ?}
3) We have a minimum at {-0.78198, -4.81191, ?}

4) We have a minimum at {0.0180197, ?, -1.38426}

Exercise 2

Consider the vectorial field F(x,y, z)=( 6xy2 ) 6x2y+ 3,0
). Compute the potential function for this field whose potential at the origin is 5.

. Calculate the value of the potential at the point p=(6,0, -3).

5 21
1) 5 2) -— 3 = a4 7
2 2
Exercise 3
N x,t) 21622 (x,t) O<x<4, O<t
ot ox
Au ou
% (0,t)=2 (4,1)-0 o<t

u(x,0)=-2 (x-4) (x-2) (x—l)x2 O=<x=<4
0 True

Compute the temperature of the bar at the point x=3
and the moment t=0.2 by means of a Fourier series of order 11.

1) u(3,0.2) = -1.51279
2) u(3,0.2) = 2.36135
3) u(3,0.2) = 14.79

4) u(3,0.2) = -3.25395

5) u(3,0.2) = -3.51941
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Exercise 1

Given the function

f(X,y,2)=-8+6x-x>+4y-y*-z* defined over the domain D=
X2 y2 ZZ
— + — + — <1, compute its absolute maxima and minima.
9 16 16

1) We have a maximum at {2.12362, ?, 0.796357}
2) We have a maximum at {2.38907, ?, -0.796357}
3) We have a maximum at {2.65452, ?, 0.}

4) We have a maximum at {3, 2, ?}

Exercise 2

Consider the vectorial field F(x,y,z)=(6x- 2xy2
) —2x2y+3yzzsin(yz) -3zcos(yz), 3yzzsin(yz) -3ycos(yz)
). Compute the potential function for this field whose potential at the origin is -3.

. Calculate the value of the potential at the point p=(©, -8, -7).

3999 4233
1) 291 -168Cos[56] 2) -3-168Cos[56] 3) -——— -168Cos[56] 4) —— -168Cos[56]
10 10
Exercise 3
Au o%u
L (1) =167 2 (X, t) 0<x<3, o<t
du du
o (@t =—(3,t)=0 o<t
U(X,0)=-(x-3)2(x-2) (x-1)x @0=x=<3
0 True

Compute the temperature of the bar at the point x=1
and the moment t=0.6 by means of a Fourier series of order 8.

1) u(1,0.6) = 3.87842
2) u(l1,0.6) = -0.45001
3) u(1,0.6) = -1.57575
4) u(1,0.6) = 2.16178

5) u(1,0.6) = 2.55131
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Exercise 1

Given the system

-2y? - Xus=-62
3y?u; +3xu=-294

determine if it is possible to solve for variables x,y in terms of
variables u;, u,, us, us, us arround the point p=(x,y, u;, Uy, U3, Us, Us

oy
y=(-3,5,-2,4,3,2,-4). Compute if possible — (-2,4,3,2,-4).

OUg
ay
1) — (-2,4,3,2,-4)=0
Oug
oy
2) 7<_2J4)3)2)_4>:3
Ouy
oy
3) 7(_2)4)3)21_4):1
Ouy
oy
4) 7(72:4)3)2)’4):2
Ouy
oy
5 — (-2,4,3,2,-4)=4
Oug
Exercise 2
Compute the Gauss curvature for X(u,v)= {-Cos[u] (2+Cos[v]) +2 (2+Cos[v]) Sin[u],
-Cos[u] (2+Cos[v]) + (2+Cos[v]) Sin[u] +3Sin[v], Sin[v]} at the point (u,v)=(3, 3).
1) K(3,3) = 5.50931
2) K(3,3) = -5.36535
3) K(3,3) = -0.000781798
4) K (3,3) = -5.11023

5) K(3,3) 0.926311



Exercise 3

%: (X, t) =4%?: (X, 1) O<x<rm, @<t
u(e,t)=u(m,t)=0 0=t
U(X,0)=(x-3) (X-2)x (x-m?2 @=<x=mn

0 True

Compute the temperature of the bar at the point x=2
and the moment t=1. by means of a Fourier series of order 10.

1) u(2,1.) = -1.09012
2) u(2,1.) = 4.59345
3) u(2,1.) = -8.57426
4) u(2,1.) = 5.50931

5) u(2,1.) = ©.0898754
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Exercise 1

Compute J(x2+zz)d]xd]ydlz for D=
D

{7x3y825159x3y82, 7x4y752259x4y7J 8x4y7zzs1511x4y722, X>0,y>0, z>0}

1) 0.000432734
2) -1.09957

3) -0.299567

4) 1.40043
5) -1.49957
Exercise 2

Consider the vectorial field F(x,y,z)=(2yzcos(yz) -1,
-Z (2xyz+yz)sin(yz) + (2xz+2z)cos(yz) -3, (2xy+y)cos(yz) -y (2xyz+yz)sin(yz)
). Compute the potential function for this field whose potential at the origin is ©.

. Calculate the integral of the potential function ¢ over the domain [0,1]3.

1) -8.76023  2) -3.96023  3) -1.56023 4) -5.36023

Exercise 3
S x, ) =162 (x,t) 0<x<5, O<t
ot o)
u(e,t)=u(s,t)=0 <t
U(x,0)=-3 (x-5) (x-4) (x-1) x> 0=<x<5
a—iu(x,@):—B (x-5)2 (x - 1) x? 0. <x<5
() True

Compute the position of the string at x=1
and the moment t=0.3 by means of a Fourier series of order 12.

1) u(1,0.3) = 0.455954
2) u(1,0.3) = 0.374769
3) u(1,0.3) = -5.6753
4) u(1,0.3) = -52.6615

5) u(1,0.3)

-8.51932
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Exercise 1
Compute J(xyz)dlxd]ydlz for D= {x525y3s8x52, lsx6yz3s9, 223sx2y451923, X>0,y>0, z>e}
D

1) -0.167858

2) 0.332142
3) -1.06786
4) 2.03214

5) -0.0678579

Exercise 2

Compute the mean curvature for X(u,v)=
{vCos[u], 2v-2vCos[u] +vSin[u], -3v-2vCos[u] -2vSin[u]} at the point (u,v)=(3, -4).

1) H(3,-4) = -5.6481
2) H(3,-4) = 1.84944
3) H(3,-4) = 1.54722
4) H(3,-4) = 2.20163

5) H(3,-4) = 0.00356067

Exercise 3
ou 6%u
= (X,t) :45 (x,t) O<x<1, o<t
u(e,t)=u(l,t)=0 o=t
U(x,0)=-(x -1)2 (x-i;) x2 @<x<1
0 True
9
Compute the temperature of the bar at the point x= —
10
and the moment t=0.8 by means of a Fourier series of order 8.
9
1) u(— ,0.8) = 1.59994
10
9
2) u(— ,0.8) = @
10
9
3) u(— ,0.8) = -1.1805
10
9
4) u(— ,0.8) = 1.54722
10
9
5) u(— ,0.8) = 2.20163
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Exercise 1

Given the system

-2XYU3—2XU3Ug +YUgUs == 160

2uyu2-2yus+2xupus =50

determine if it is possible to solve for variables x,y in terms of variables

Up , Uz, Uz, Ug, Ug

»=5,-4,-5,-

4,0,5). Compute if possible

arround the point p=(x,y,U;, Uy, U3, Uz, Us)=(-4

21
11
20
11
18

11
19

11
17

11

oy

1) 7(74:’5)’41015):’7
Ous
oy

2) — (-4,-5,-4,0,5)=-—
Ous
oy

3) — (-4,-5,-4,0,5)=-—
Ous
oy

4) — (-4,-5,-4,0,5)=-—
Ousg
oy

5 — (-4,-5,-4,0,5)=-—
Ous

Exercise 2

Compute the Gauss curvature for X(u,v)=

oy
—— (-4,-5,-4,0,5) .

[-6u+u (3+6V) +2(-9+v+12V?), -12-4u>+v+16V2 +uU (2+4V), -6-2u*-v+8Vv> +2u (1+V)}

at the point

1) K(4,0) =
2) K(4,0) =
3) K(4,0) =
4) K(4,0) =

5) K(4,0) =

(u,v)=(4,0).
-5.8479x10°°
5.31876
-8.82397
-3.60031

-5.63198



Exercise 3

N x,t) =420 (x,t) 0<x<2, O<t
ot X

u(d,t)=u(2,t)=0 o<t
u(x,0)=-3(x-2) (x-1)x @0=<x=<2

0 True

4
Compute the temperature of the bar at the point x= —
5

and the moment t=0.5 by means of a Fourier series of order 10.

4
1) u(-,0.5) = -4.16089
5
4 9
2) u(- ,0.5) = -1.82575x10"
5
4
3) u(—,08.5) = 5.31876
5
4
4) u(-,0.5) = 8.56956
5
4
5) u(—,0.5) = -3.60031
5
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Exercise 1

Given the function
f(X,y,2)=19-4x+x>-4y+y?>-62z+2z> defined over the domain D=
X2y 22

— + — + — <1, compute its absolute maxima and minima.
9 16 25

1) We have a maximum at {?, -0.972942, -5.04724}
2) We have a maximum at {?, -1.27294, -4.64724}
3) We have a maximum at {-0.160074, -0.872942, ?}

4) We have a maximum at {-0.760074, -0.972942, ?}

Exercise 2

Consider the vectorial field F(x,y,z)=(3,2yz*e’?+2z&’?+6y,2y°ze??+2ye’?
). Compute the potential function for this field whose potential at the origin is 4.

. Calculate the value of the potential at the point p=(10,2, -9).

36 36 101 36 36
1) -53- — 2) 46 - — 3) — - — 4) 163 - —
el8 el8 2 el8 18
Exercise 3
[ 6u o%u
o (061 =160 (X, 1) O<x<4, O<t
ou Au
= (0,1)=2"(4,1)=0 o<t
ax O=<x<3
u(x,0)=¢ 3 O=<x<4
16 -4x 3<x<4
L © True

Compute the temperature of the bar at the point x=3
and the moment t=0.5 by means of a Fourier series of order 11.

1) u(3,0.5) = 3.82346
2) u(3,0.5) = -1.30294
3) u(3,0.5) = 2.00455
4) u(3,0.5) = -2.31844

5) u(3,0.5) = -1.95861
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Exercise 1

Given the function

f(X,y,2z)=-10+4x-x>-y>-z*> defined over the domain D=
X2 y2 22
— + — + — <1, compute its absolute maxima and minima.
9 25 9

1) We have a minimum at {-1.325, -4.43512, ?}
2) We have a minimum at {2, ?, 0}
3) We have a minimum at {?, -4.23512, -0.4}

4) We have a minimum at {-0.625, -4.43512, ?}

Exercise 2
zZ(yz-3x2z)
Consider the vectorial field F(x,y,z)=(——— -3zlog(xz+1)
xz+1
X (Yyz-3x2)
,zlog(xz+1) -4, ————  + (y-3x) log(xz+1)

xz+1
). Compute the potential function for this field whose potential at the origin is 5.

. Calculate the value of the potential at the point p=(8,3,8).

9891
1) —— -168Log[65] 2) -2134 -168 Log[65]
5
12123
3) - - 168 Log [65] 4) -7 -168 Log[65]
10
Exercise 3
[ o (X,t) :166—2‘2J (x,t) O<x<m, O<t
ot ox
ou du
P~ (G,t)_g( (T,t) =0 o<t
—57 O=<x<2
u(x,0)= O<Xx<T
’ 2x 18 5 2<x=r
-2 -2
L @ True

Compute the temperature of the bar at the point x=2
and the moment t=0.7 by means of a Fourier series of order 8.

1) u(2,0.7) = -4.51508
2) u(2,0.7) = -2.5

3) u(2,0.7) = -3.81399
4) u(2,0.7) = 1.6034

5) u(2,0.7) = 2.45847
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Exercise 1

Given the system

—uPv+3uvio2v2x+x?2+2uy-3viy-2vxy-2y?-3xy?=--166

2v3+x-2x*+uxy=24

determine if it is possible to solve for variables x,y in terms of variables u, v

arround the point p=(x,y,u,v)=(2,5,3,0).
ox 88
1) —(3,0)=—
ov 83
ox 89
2) —(3,0)=—
ov 83
ox 90
3) — (3,0)=—
ov 83
ox 87
4) — (3,0)=—
ov 83
ox 91
5) — (3,0)=—
ov 83
Exercise 2

Compute the Gauss curvature for X(u,v)=
{Cos[u] (3+2Cos([v]) -2 (3+2Cos[v]) Sin[u] -6Sin[v],
2Cos[u] (3+2Cos[Vv]) + (3+2Cos[Vv]) Sin[u] +2Sin[v],

(3+2Cos([v]) Sin[u] +3Sin[v]} at the point (u,v)=(1,0).

1) K(1,0)
2) K(1,0)
3) K(1,0)
4) K(1,0)

5) K(1,0)

-7.22003

0.750255

7.63462

6.19386

0.0000200658

ox
Compute if possible — (3,0) .

ov



Exercise 3

[ ou 5%u

— (X, t)=4— (X,1) O<x<, O<t
ot X
u(@,t)=u(r,t)=0 0<t
X O=<x<1
X 1 3
u(x,0)=1 2 "3 =X= O<xs<r
_2X .8 12 3<xs<n
-3 -3
L O True

Compute the temperature of the bar at the point x=2
and the moment t=0.1 by means of a Fourier series of order 12.

1) u(2,0.1) = 4.73565
2) u(2,0.1) = 7.63462
3) u(2,0.1) = 1.0486

4) u(2,0.1) = -7.25199

5) u(2,0.1) = -7.22003
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Exercise 1

Compute the volume of the domain limited by the plane
9x+2z=1 and the paraboloid z=x?+y?.

1) 48.6026
2) 116.441
3) 169.754
4) 26.7887
5) 20.1656
Exercise 2

Compute the area of the domain whose boundary is the curve

r:[0,21] ----->R?
(%—Si:/;] ) cos (t) (cos(t)+5) (Sj:/(z_r) +$) cos (t) (cos(t)+5)
ro :{ sin? ’ in? }
(t)+1 sin®(t)+1

Indication: it is necessary to represent
the curve to check whether it has intersection points.

1) 25.8584 2) 28.3584 3) 10.8584 4) 40.8584

Exercise 3

[ 6%u 5%u
et (X,t) 7255 (X,t) O<x<rr, O<t
u(e,t)=u(m,t)=0 <t
U(x,8)=(x-3) (x-1) x> (x-m?2 B=x=m
R —S—BX O<x<3
—Uu(X,0)= Q. <Xx=<7r
ot ) 22X _ 1 5 3.x<n

-3 -3
L © True

Compute the position of the string at x=2
and the moment t=0.6 by means of a Fourier series of order 8.

1) u(2,0.6) = -7.94821
2) u(2,0.6) = 1.34138
3) u(2,0.6) = -8.00537
4) u(2,0.6) = -5.18534

5) u(2,0.6) = 3.88453
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Exercise 1

Given the function

f(X,y,z)=-7-x*+4y-y*+6z-2> defined over the domain D=
X2 y2 ZZ
— + — + — <1, compute its absolute maxima and minima.
9 16 16

1) We have a maximum at {0.9, 2.3, ?}
2) We have a maximum at {?, 2.3, 4.5}
3) We have a maximum at {?, 2, 3}

4) We have a maximum at {@.3, 2.9, ?}

Exercise 2
Consider the vectorial field F(x,y,z)=(3y-2xy?,-2x*y+3x-6y>2>, -6y>2*
). Compute the potential function for this field whose potential at the origin is -5.
. Calculate the integral of the potential function ¢ over the domain [0,1]%.

1) -7.48611 2) -8.98611 3) 8.51389 4) -4.48611

Exercise 3
[ o (x,t) :166—2;J (x,t) O<x<sT, O<t
ot ox
ou du
- (G,t)_g( (rt,t) =0 0<t
%X O<x<3
u(x,0)= O=<x=sr
’ _ax + 12 +4 3<x=<71
-3 =
L O True

Compute the temperature of the bar at the point x=1
and the moment t=0.6 by means of a Fourier series of order 10.

1) u(1,0.6) = -4.05853
2) u(1,0.6) = 2.79393
3) u(1,0.6) = 1.09568
4) u(1,0.6) = 1.99994

5) u(l1,0.6) = -3.11651
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Exercise 1

Given the function
f(X,yY,2)=13-4x+x>+y?>-62z+2> defined over the domain D=
X2 Y2 22

— + — + — <1, compute its absolute maxima and minima.
9 4 4

1) We have a maximum at {-2.5937, 0., ?}
2) We have a maximum at {-2.4937, 0.5, ?}
3) We have a maximum at {2, ?, 3}

4) We have a maximum at {?, 0.3, -1.40503}

Exercise 2

Compute the Gauss curvature for X(u,v)=
{-4-14u*-17v+8Vvi+u (-1+10Vv), -4-140>-17v+8V’+2u (-1+5V),
~2-7u?-9v+4vi+u (-1+5v)} at the point (u,v)=(1,6).

1) K(1,6) = -1.69625x10°°
2) K(1,6) = -6.92336
3) K(1,6) = 6.79005
4) K(1,6) = -3.63084

5) K(1,6) = -8.54855



Exercise 3
[ x, 1) =92 (x,t) @<x<1, B<t
ot ox
Mg, t) =2 (1,t) -0 o<t
ox ox
15 x O<x<2
u(x,0)= ) > pex=<1
10 - 10 x s <x=<1
0 True
7
Compute the temperature of the bar at the point x= —
10
and the moment t=0.8 by means of a Fourier series of order 10.
7
1) u(— ,8.8) = 3.94064
10
7
2) u(— ,0.8) = 3.84529
10
3) u( ,0.8) = 1.75432
10
4) u( ,0.8) = 3.
10
5) u( ,0.8) = -4.26626
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Exercise 1

Given the function

f(X,yY,2)=-12+2x-x>+6y-y?>+6z-2> defined over the domain D=
X2 y2 ZZ
— + — + — <1, compute its absolute maxima and minima.
9 4 9

1) We have a minimum at {-0.872811, -0.783724, ?}
2) We have a minimum at {-0.472811, -1.08372, ?}
3) We have a minimum at {?, -0.383724, -2.71843}

4) We have a minimum at {?, 3, 3}

Exercise 2

Compute the Gauss curvature for X(u,v)=
{v+Cos[u] +2Sin[u], Sin[u], v+Sin[u]} at the point (u,v)=(5,-5).

1) K(5,-5) = 1.71586
2) K(5,-5) = 3.56379
3) K(5,-5) = 0
4) K(5,-5) = 5.36936
5) K(5,-5) = -7.88584
Exercise 3
r 2
o (X,'C):9EZl (X,t) Q<x<s, O<t
ot ox
ou du
o (@t =— (r,t)=0 o<t
-3x O<x<2
U(X,e): 10 x - 26 2<x<3 Q@<X<r
_AX 22 4 3<exsn
-3 -3
L O True

Compute the temperature of the bar at the point x=2
and the moment t=0.5 by means of a Fourier series of order 8.

1) u(2,0.5) = 3.61943
2) u(2,0.5) = 3.44594
3) u(2,0.5) = -2.13448
4) u(2,0.5) = -3.51999

5) u(2,0.5) = -1.24328
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Exercise 1

Given the system

VZi2vx-2vix-2vx?-2u?ly-3uvy+3vxy-=188
3v2-2v2x+3x3-2uy+2xy-3uxy-2y?+3vy?=-36

determine if it is possible to solve for variables x,y in terms of variables u, v

ox
arround the point p=(x,y,u,v)=(-2,-4,3,2). Compute if possible — (3,2) .
ou
ox 29
1) —(3,2)=—
ou 31
ox 27
2) —(3,2)=—
ou 31
ox 28
3) —(3,2)=—
ou 31
ox 26
4) — (3,2)=—
ou 31
ox 30
5) — (3,2)=—
ou 31
Exercise 2

Compute the Gauss curvature for X(u,v)=
{-v+ (1+3Vv?) Cos[u] + (1+3V?) Sin[u], (1+3v?)Sin[u], (1+3v?) Cos[u] - (1+3v?) Sin[u]}
at the point (u,v)=(5,0).

1) K(5,0) = -0.652683
2) K(5,0) = -5.83126
3) K(5,0) = 7.49039

4) K(5,0) = -20.8499

5) K(5,0) = 1.93326



Exercise 3

Ou
ot

u
u
0

Compute the temperature of the bar at the point x=3
and the moment t=0.6 by means of a Fourier series of order 10.

(x,t)
(0,t)=u
(x,0)=3 (x

u(3,0.6)
u(3,0.6)
u(3,0.6)
u(3,0.6)

u(3,0.6)

_ o
T ox?
(4,

(x,t)
t)=0
~4)2 (x-3) (x-2)x O<x=<4

-7.90094

3.71184

-0.652683

-5.71776

-3.54642
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Exercise 1

Given the system

x> -2ul+3yu;=-70
—3xUu2-2Xug-2yu;u=-22
determine if it is possible to solve for variables x,y in terms of

variables u;, u,, us, us arround the point p=(x,y,u;, Uy, Us, Uy

oy
y=(2,-4,1,-2,5,-4). Compute if possible — (1,-2,5,-4) .

GUZ

ay

1) — (1,-2,5,-4)=2
@UZ
oy

2) — (1,-2,5,-4)=1
@Uz
oy

3) — (1,-2,5,-4)=0
@Uz
oy

4) — (1,-2,5,-4)=4
ou,
oy

5 — (1,-2,5,-4)=3
@Uz

Exercise 2
Compute the Gauss curvature for X(u,v)=
{-v+4 (1+v?) Cos[u] - (1+V?) sin[u], -3 (1+V?) Cos[u] + (1+Vv?) Sin[u],

v-3 (1+v2) Cos[u] + (1+v2> Sin[u]} at the point (u,v)=(1,-4).
1) K (1, -4) = 1.43599
2) K(1,-4) = 1.27544
3) K(1,-4) = -8.5574
4) K(1,-4) = -3.51051x10°°

5) K(1,-4) = -2.71241



Exercise 3

ou
ot

u(@,t)=u(l,t)=0

52u
ox?

— (X,t)=— (X, 1)

u(x,0)=3 (x - 1)2 (x—i) X2

0

O<x<1, o<t
0<t
O<x<1

True

1

Compute the temperature of the bar at the point x= —

and the moment t=0.5 by means of a Fourier series of order 9.

1

10

0.5)

0.5)

9.5)

0.5)

0.5)

7.9827

-2.71241

7.27831

-3.62895

10

| 23



24 |

Further Mathematics - Degree in Engineering - 2024/2025
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Exercise 1

Compute J(yz)d]xdlyd]z for D=
D

{9x4y2522512x4y2,4sx2y7zss6, 9x5y3sz4sl4x5y3, X>0,y>0, z>0}

1) 2.00218
2) 1.80218
3) 0.802179

4) 0.00217899

5) -0.397821

Exercise 2

Compute the area of the domain whose boundary is the curve

r:[0,m]-----R?

sin(t) cos (t) .
R 2 7
vz K sin(2t) (6cos(t) +7)

Indication: it is necessary to represent
the curve to check whether it has intersection points.

r‘(t):{sin(zt) (6 cos (t) +7) >

1) 52.6217 2) 11.0217 3) 31.8217 4) 68.2217

Exercise 3
o (x,t):zsg—i‘j (%, 1) 0<x<3, O<t
u(e,t)=u(3,t)-0 o<t
u(x,@)—[4x O=x=1 5 y<3
6-2x 1<x<3
0 True

Compute the temperature of the bar at the point x=1
and the moment t=0.9 by means of a Fourier series of order 9.

1) u(1,0.9) = 6.60316
2) u(1,0.9) = ©

3) u(1,0.9) = -4.57997
4) u(1,0.9) = -4.11992

5) u(1,0.9) = -6.2348

cos (t)
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Exercise 1

Compute the volume of the domain limited by the plane
10x +z =8 and the paraboloid z==8x?+8y?.

1) 16.8788
2) 5.60228
3) 63.7568
4) 24.3013
5) 120.551
Exercise 2

Compute the area of the domain whose boundary is the curve

r:[0,27]-----R?

(7—1 \3 sin(t)—g) cos (t) (5cos(t)+5) (gszm) cos(t) (5cos(t)+5) }

r(t):{ s

sin? (t)+1 sin? (t) +1

Indication: it is necessary to represent
the curve to check whether it has intersection points.

1) 46.4602  2) 18.8602  3) 74.0602  4) 37.2602

Exercise 3

[ 6%u 5%u
E(X,t):ZSQ (X,t) O<x<iT, O<t
u(@,t)=u(m,t)=0 o<t

—3; O<x<2
u(x,0)=5 N Q<X=<T

— -— -1 2=<x=7

-2 -2

-3x O<x<3
;cu(x,e)_ 9—);72—73—9 3<xs<7 8. =x=r
L © True

Compute the position of the string at x=1
and the moment t=0.5 by means of a Fourier series of order 12.

1) u(1,0.5) = -0.288577
2) u(1,0.5) = 3.97012
3) u(1,0.5) = 5.83138
4) u(1,0.5) = 0.915543

5) u(1,0.5) = -6.2784



26 |

Further Mathematics - Degree in Engineering - 2024/2025
Exam January-Call - computers for serial number: 20

Exercise 1

Compute J(2y+y3)dlxdlydlz for D=
D
{8223x5y251422, 8x2255y6517x225, 6x4yz351312x4y23, X>0,y>0, z>0}
1) 0.501582
2) -0.798418
3) -1.19842
4) 0.0015819

5) -0.398418

Exercise 2

Compute the area of the domain whose boundary is the curve

r:[0,m]-----R?

(s (1+4/3) sin(t) (V3 -1) cos (t) . (1+/3) cos (t) (V3
r‘(t)f{sm(zt) (5cos(t) +6) 2z o~ , sin(2t) (5cos(t) +6) 72\5 -—
Indication: it is necessary to represent

the curve to check whether it has intersection points.

1) 60.8918 2) 15.2918 3) 64.6918 4) 38.0918

Exercise 3
[ ou 5%u
= (x,t) :ZSQ (x,t) O<x<5T, O<t
X (0,t)== (1,t) =0 o=t
ox o)
-2X O<x<2
u(x@)— 8x-20 2<x<3 O<X<rT
_AX 22 4 3<xs<n
-3 3
L O True

Compute the temperature of the bar at the point x=2
and the moment t=0.9 by means of a Fourier series of order 12.

1) u(2,0.9) = -1.1831
2) u(2,0.9) = -2.64319
3) u(2,0.9) = -0.0374311
4) u(2,0.9) = 0.662322

5) u(2,0.9) = 3.24279
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Exercise 1

Given the system

—vx+3y3=-370
2W+3UWX+ XY =22

determine if it is possible to solve for variables x,y
in terms of variables u, v, w arround the point p=(x,y,u,vVv

[0)4
,w)=(-1,-5,-5,5,1). Compute if possible — (-5,5,1) .

ou
Ox 135
1) — (-5,5,1)=-—
ou 901
OX 133
2) — (-5,5,1)=-—
ou 901
OX 132
3) — (-5,5,1)=-—
ou 901
OX 131
4) — (-5,5,1)=-——
ou 901
(6D’ 134
5 — (-5,5,1)=-—
ou 901
Exercise 2

Compute the Gauss curvature for X(u,v)=
{v-3Cos[u] +2Sin[u], -2Cos[u] +Sin[u], v} at the point (u,v)=(2,6).

1) K(2,6) = 1.569
2) K(2,6) = 8.10906
3) K(2,6) = -7.59956
4) K(2,6) = ©

5) K(2,6) = ©.660933



Exercise 3
%: (X, t) =% (X,t) 0<x<5, o<t
u(e,t)=u(s,t)=0 o<t
U(X,0)=-2 (x-5)2 (x-4)x B8=<x=<5
0 True

Compute the temperature of the bar at the point x=1
and the moment t=0.5 by means of a Fourier series of order 8.

1) u(1,0.5) = -0.313143
2) u(1,0.5) = -1.47748
3) u(1,0.5) = 52.1273
4) u(1,0.5) = 3.16789

5) u(1l,0.5) = 5.5113
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Exercise 1

Given the function
f(X,Y,2)=15-2x+x%x>-4y+y®>+2z> defined over the domain D=
X2 Y2 22

— + — + — <1, compute its absolute maxima and minima.
9 4 9

1) We have a minimum at {1.16426, ?, -0.945701}
2) We have a minimum at {0.0294156, ?, 0.756561}
3) We have a minimum at {1, ?, 0}

4) We have a minimum at {?, 1.8914, 0.}

Exercise 2
Compute the Gauss curvature for X(u,v)= {Cos[u], v+Sin[u], v} at the point (u,v)=(2,10)
1) K(2,10) = -8.38201

2) K(2,10) = 1.5749
3) K(2,10) = -6.57615
4) K(2,10) = 4.36051

5) K(2,10) = ©

Exercise 3
M (x,1) =92 (x, 1) 0<x<r, O<t
ot ox
Au ou
2 (0,t) =2 (m,t) =8 o<t

u(x,0)=3 (x-3) (x-1) x? (X-7) @=<x=7
0 True

Compute the temperature of the bar at the point x=2
and the moment t=0.2 by means of a Fourier series of order 10.

1) u(2,0.2) = -4.65667
2) u(2,0.2) = -0.493843
3) u(2,0.2) = -1.00438
4) u(2,0.2) = 0.569273

5) u(2,0.2) = 4.91748
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Exercise 1

Given the system

3y Us - XUjUs=21
—2Xyup+2ud-3yu,=--24

determine if it is possible to solve for variables x,y in terms of
variables wu;, U, U3, Uz, Us arround the point p=(x,y, Uy, Uy, Us, Us, Us
[0):4
y=(1,-2,1,4,1, -5, -3). Compute if possible — (1,4,1,-5,-3).

Ou,
ox 42
1) (114111’5)’3):’7
Oul 25
ox 39
2) (1,-4:1:’5:’3):’7
ou, 25
oXx 41
3) (1,-4;1;_5:_3):_7
du, 25
ox 43
4) (1)4)1)_5)_3>:_7
du, 25
ox 8
5) (11411)’5)*3):’7
6U1 5
Exercise 2

Compute the Gauss curvature for X(u,v)=
fu,14-6u*+u (2-8v) +17v+4v?, 7-3u%+u (2-4V) +9v+2V?}
at the point (u,v)=(-1,-1).

1) K(-1,-1) = -5.51413
2) K(-1,-1) = -8.79887
3) K(-1,-1) = 1.77531
4) K(-1,-1) = -0.000242665

5) K(-1,-1) = -5.21191



Exercise 3

ou

ot

u(@,t)=u(2,t)=0

u(x,O):{

0

Compute the temperature of

and the moment t=0.9 by

11
u(—
10
11
u(—
10
11
u( —
10
11
u(—
10
11
u(—
10

5%u
2

-7x

— (x,t) :467 (X, 1)

0<t

O=<x<1

O=<x<2

7x-14 1<x<2

0.9)

True

6.9729

-2.87067

3.08632

-3.35453

-0.000777723

O<x<2, o<t

the bar at the point x= —

means of a Fourier series of order 11.
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Exercise 1

Compute J(y+22)d]xd1yd]z for D=
D
{9x5y351515x5y3, 8y35x426513y3, 3x65yzz759x6, X>0,y>0, z>0}
1) ©.201505
2) 0.101505

3) ©.00150543

4) -1.69849
5) 1.10151
Exercise 2

Compute the mean curvature for X(u,v)=
{Cos[u] (3+Cos[v]) -3Sin[v], (3+Cos[v]) Sin[u] -3Sin[v], -2 (3+Cos[v]) Sin[u] +7Sin[v]}
at the point (u,v)=(3,3).

1) H(3,3) = -1.64586
2) H(3,3) = -5.44729
3) H(3,3) = -0.0666312
4) H(3,3) = 5.75325
5) H(3,3) = -2.46754
Exercise 3
[ 8%u 8%u
E(X:t):9§ (X,1t) O<x<4, O<t
u(e,t)=u(4,t)=0 o<t
u(x,0)=2 (x-4) (x-1) x? P<x=<4
5 4 x O<x=<1
U0 =116 ax o, 0.=xs4
3 3
L@ True

Compute the position of the string at x=1
and the moment t=0.4 by means of a Fourier series of order 11.

1) u(1,0.4) = -2.46754
2) u(1,0.4) = -5.19955
3) u(1,0.4) = -5.12193
4) u(1,0.4) = -9.63589

5) u(l,0.4) = -7.23999
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Exercise 1

Given the system

X'y -yuy = -4
Xy2 -3 XU +2y%Us+3U;3 Uy =22
determine if it is possible to solve for variables x,y in terms of

variables u;, u,, us, us arround the point p=(x,y,u;, Uy, Us, Uy

oy
y=(1,-4,-2,-5,0,0). Compute if possible — (-2,-5,0,0) .

Ouy
ay 56
1) 7(’2:’5:0)0):’7
du, 43
oy 55
2) — (-2,-5,0,0)=-—
du, 43
oy 52
3) — (-2,-5,0,0)=-—
du, 43
oy 53
4) 7(72:’5)9)9):’7
ouy 43
ay 54
5) 7(’2:’5:0:0):’7
Ouq 43
Exercise 2

Compute the Gauss curvature for X(u,v)=
{3v+s (1+2v2) Cos[u] +2 (1+2v2) Sinfu], v+2 (1+2v?) Cos[u] + (1+2v2) sin[u],
4v+6 (1+2v?) Cos[u] +3 (1+2v?)Sin[u]} at the point (u,v)=(5,-1).

1) K(5,-1) = -0.0000338933

2) K(5,-1) = -1.63962

3.09094

w
~
—
(%]
-
|
[uy
—
1

4) K(5,-1) = 3.28585

5) K(5,-1) = 3.76679



Exercise 3

% (x,1) :% (%,t) O<x<4, O<t
u(o,t)=u(4,t)=0 o<t
U(X,0)=(x-4)2 (x-2) (x-1) x> 0=<x=<4

0 True

Compute the temperature of the bar at the point x=2
and the moment t=1. by means of a Fourier series of order 11.

1) u(2,1.) = -8.80329
2) u(2,1.) = 4.12155
3) u(2,1.) = 1.17668
4) u(2,1.) = -1.63962

5) u(2,1.) = 3.27031
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Exercise 1

Given the system

“2+2ut sl ox+ulx-3ux?-3x3-3uly-2uxy-2xy?=-24
“2+3ude2x-2ulx+3ux?+2y-uy+uly+3uy’=-6

determine if it is possible to solve for variables x,y in terms of variable

oy
u arround the point p=(x,y,u)=(1,-3,0). Compute if possible — (0) .
ou
oy 93
1) — (8)=-—
ou
oy 2
2) —(0)=-—
ou 2
oy 91
3) —(0)=-——
ou 8
oy 45
4 — (0)=-—
ou 4
oy 89
5) — (@) =-—
ou 8
Exercise 2

Compute the Gauss curvature for X(u,v)=
{Cos[u], 3v+2Cos[u] +4Sin[u], v+Sin[u]} at the point (u,v)=(2, -10).

1) K(2,-10) = 8.88674
2) K(2,-10) = -6.41826
3) K(2,-10) = 7.9715

4) K(2,-10) = 4.88353

5) K(2,-10) = @



Exercise 3

[ ou 52u
ot (X, t) =0 (X, 1) Q<x<m, O<t
u(e,t)=u(rm,t)=0 <t
2 O<x<2
2
u(x,0)=: 9-2x <X<3 O<X<JT
S2X 243 3<xs<
-3 -3
L O True

Compute the temperature of the bar at the point x=1
and the moment t=0.1 by means of a Fourier series of order 12.

1) u(1,0.1) = -7.35251
2) u(1,0.1) = 2.49112

3) u(1,0.1) = -0.8798297
4) u(1,0.1) = -08.669675

5) u(1,0.1) = 3.38495
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Exercise 1

Given the function

f(X,y,z)=7+x>-2y+y?>+2?> defined over the domain D=

X2 y2 ZZ

— + — + — <1, compute its absolute maxima and minima.
9 16 4

1) We have a maximum at {?, -4., 0.}
2) We have a maximum at {?, 1, 0}
3) We have a maximum at {?, -3.9, 0.4}

4) We have a maximum at {-0.4, -4.4, ?}

Exercise 2

Consider the vectorial field F(x,y, z)=(
3x2y3 (1-3yz)+2x, —3x3y3z+3x3y2 (1-3yz) -3, —3x3y4
). Compute the potential function for this field whose potential at the origin is 3.

. Calculate the value of the potential at the point p=(-1, -5, -5).

249237 27693 27693
1) 2) - 3) -9231 4) -
10 2 10
Exercise 3
ou 5%u
e (x,t) :16§ (x,%) O<x<it, O<t
ou ou
2 (0,t) =2 (m,t) =0 o<t

U(x,0)=2 (x-2)x (x-m) @=<x=<r
0 True

Compute the temperature of the bar at the point x=2
and the moment t=0.2 by means of a Fourier series of order 8.

1) u(2,0.2) = 0.528318
2) u(2,0.2) = 1.36601
3) u(2,0.2) = 3.1169
4) u(2,0.2) = -2.32944

5) u(2,0.2) = -3.72383
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Exercise 1

Compute J(ys)d]xdlyd]z for D= {824sx4y5517z4,9y95x524517y9,7xs2959x,x>e,y>0,z>e}
D

1) 1.70215
2) -1.99785
3) 0.90215
4) -1.09785

5) 0.00215015

Exercise 2
Consider the vectorial field F(x,y,z)=(2yze*?+yze?? 2xyz-2yz),
2xz-2z)eY?+xze®? 2xyz-2yz), 2xy-2y) ¥ ixye™? 2xyz-2y2z)

). Compute the potential function for this field whose potential at the origin is -2.
. Calculate the integral of the potential function ¢ over the domain [0,1]3.

1) 1.667 2) 1.e07  3) -11.293  4) -2.293

Exercise 3
[ 6%u 5%u
o (1) =16-7 (X, 1) 0<x<2, o<t
u(e,t)=u(2,t)=0 0=t
u(x,0)=-3 (x-2)2 (x-1) x> 0=<x<2
% Lix.0 {6X O<x=<1 0 X<
— LX<
ot (x,0) 12-6x 1=<x=<2
L O True
7
Compute the position of the string at x= —
10
and the moment t=0.8 by means of a Fourier series of order 8.
7
1) u(— ,0.8) = 8.09111
10
7
2) u(— ,0.8) = 0.212014
10
3) u(— ,0.8) = 0.362417
10
4) u(— ,0.8) = -1.13754
10
5) u(— ,0.8) = 1.84553
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Exercise 1

Given the system

2u+2u?+2ud+3ulv-3vi—ux-3vx+2vy-3uvy=-128
2x2+2x2y+2y? =42

determine if it is possible to solve for variables x,y in terms of variables u, v

oy
arround the point p=(x,y,u,v)=(1,4,2,-3). Compute if possible — (2, -3).

ou
oy 106
1) —(2,-3)=-——
ou 19
oy 108
2) - (21 _3) =TT
ou 19
oy 107
3) - (2: _3) =TT
ou 19
oy 110
4) — (2,-3)=-—
ou 19
oy 109
5) — (2,-3)=-—
ou 19
Exercise 2

Compute the Gauss curvature for X(u,v)=
{-v+ (1+V?) Cos[u], 2v - (1+V?) Cos[u] + (1+Vv?) Sin[u], v} at the point (u,v)=(2,-4).

[y
~
N

-

|
N
I

0.816152
2) K(2,-4) = 8.68152
3) K(2,-4) = -0.0000565296
4) K(2,-4) = 8.98777

5) K(2,-4) = 2.48859



Exercise 3

%:(X,t):%(x,t) 0<x<3, B<t
U(@,t):U(B,t):O 0<t
-5x O=<x<1
Uu(x,0)=¢ 7x-12 1<x<2 0O=<Xx=<3
6-2x 2<x=<3
0 True

Compute the temperature of the bar at the point x=1
and the moment t=0.9 by means of a Fourier series of order 9.

1) u(1,0.9) = 8.98777
2) u(1,0.9) = 1.25357
3) u(1,0.9) = -8.555993
4) u(1,0.9) = 2.0754

5) u(1,0.9) = -6.40604
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Exercise 1

Given the function

f(X,yY,2)=4-4x+x>+y?>-62z+2z> defined over the domain D=

X2 y2 ZZ

— + — + — <1, compute its absolute maxima and minima.
9 4 25

1) We have a minimum at {2, ?, 3}
2) We have a minimum at {2.3, 0.6, ?}
3) We have a minimum at {3.5, -0.9, ?}

4) We have a minimum at {1.4, ?, 3.9}

Exercise 2
Compute the Gauss curvature for X(u,v)={-v+ (1+2v2) Cos[u] +2 (1+2v2) Sin[u],
(1+2v?) sin[u], 3v-2(1+2v?) Cos[u] -5 (1+2Vv?) Sin[u]} at the point (u,v)=(4,-4).
1) K (4,-4) - 3.78081
2) K(4,-4) - 6.94862

3) K(4,-4) = 7.88244

4) K (4,-4) = -8.42058
5) K(4,-4) = -6.26849x10°%
Exercise 3
[ 6u 8%u
pn (X, 1) :QQ (X, 1) O<x<4, o<t
ou du
S (0,1) =" (4,1) =0 o<t
-5x O=<x=<1
u(x,0)= 5x 20 4 _ . _, O<x<4
3 3
L © True

Compute the temperature of the bar at the point x=2
and the moment t=0.5 by means of a Fourier series of order 9.

1) u(2,0.5) = -2.50002
2) u(2,0.5) = -0.944879
3) u(2,0.5) = 3.86034

4) u(2,0.5) = -0.263169

5) u(2,0.5) = 2.10045
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Exercise 1

Given the system

2XYyuUg==-30
-3x%y+2uf-3uyul=-42

determine if it is possible to solve for variables x,y in terms of
variables wu;, U, U3, Uz, Us arround the point p=(x,y, Uy, Uy, Us, Ug, Us

[0):4
y=(-5,1,5,-5,1,3,-1). Compute if possible — (5,-5,1,3,-1).

Ous
ox
1) — (5,-5,1,3,-1)=0
ous
ox
2) — (5,-5,1,3,-1)=2
Ous
ox
3) — (5,-5,1,3,-1)=3
dus
ox
4) 7<5)_5)1J3)_1>:4
dus
oX
5 — (5,-5,1,3,-1)=1
dus
Exercise 2
Compute the Gauss curvature for X(u,v)=
{v+Cos[u], 4v+Sinfu], v} at the point (u,v)=(0,7).
1) K(0,7) = 7.32784
2) K(@8,7) = -1.8805

3) K(0,7) = ©
4) K(@,7) = -3.75119

5) K(@,7) = 3.18353



Exercise 3

ou
ot

u(@,t)=u(l,t)=0
u(x,0)=-2 (x-1)% (x -

0

5%u
2

— (x,t) :467 (X, 1)

10

O<x<1, o<t
o<t

7) (X‘7§> x> 0=<x=<1

3

Compute the temperature of the bar at the point x= —

and the moment t=0.3 by means of a Fourier series of order 9.

3

10

0.3)

0.3)

9.3)

9.3)

9.3)

-2.44845

-7.55608

~1.73148x1078

-8.69875

-3.75119

10

| 43



a4

Further Mathematics - Degree in Engineering - 2024/2025
Exam January-Call - computers for serial number: 32

Exercise 1

Compute J(B z*)dxdydz for D=
D

{7x4y9z451s16x4y924, 2x3sy82758x3, 6x9y3sls12x9y3, X>0,y>0, z>0}
1) 1.1536
2) -0.769068
3) 1.92267
4) -0.961335

5) 4.80668

Exercise 2

Consider the vectorial field F(x,y, z)=(
-y (Xy+yz)sin(xy) +ycos(xy) +6x, (X+2z)cos(xy)-x (xy+yz)sin(xy) ,ycos(xy)
). Compute the potential function for this field whose potential at the origin is 1.

. Calculate the value of the potential at the point p=(7,6, -10).

1) 272 -18Cos[42] 2) 24 -18Cos[42] 3) -100 - 18 Cos [42] 4) 148 - 18 Cos [42]
Exercise 3
ou 5%u
e (x,t) :16§ (X,%) 0<x<5, o<t
u(@,t)=u(5,t)=0 o<t
u(x,0)=3 (x-5) (x-2)x 0=<x=<5
0 True

Compute the temperature of the bar at the point x=2
and the moment t=0.6 by means of a Fourier series of order 9.

1) u(2,0.6) = -0.207935
2) u(2,0.6) = 3.92266
3) u(2,0.6) = -6.22511
4) u(2,0.6) = 8.78272

5) u(2,0.6) = 1.07306
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Exercise 1

Compute J(zs)d]xdlyd]z for D= {5ysx526513y,224sx2y25324,9x2522512x2,x>e,y>0,z>9}
D

1) 25.2605
2) 50.5211
3) -7.57816
4) 20.2084
5) 50.5211

Exercise 2

Consider the vector field F(x,y,z)=
{74x +Cos[2y®+ 2%, e2¥? .5y i4xy, 9z -Sin [2X +y?] } and the surface
-8 +X -2+y -5+2

S=( )2 ( )24 ( )2-1
6 8 2

Compute JF .
S

Indication: Use Gauss' Theorem if it is necessary.

1) 38601. 2) 9650.97 3) -6754.03 4) -21229.
Exercise 3
[ 6u d%u
o (X, 1) :4§ (X, 1) O<x<t, o<t
el a3
a—‘x’ (0,t):a—i (1,t) =0 o<t
2 X O=<x<3
u(x’e>_{62+183+6 3<x=s7t @=x=<r
L © True

Compute the temperature of the bar at the point x=2
and the moment t=0.4 by means of a Fourier series of order 10.

1) u(2,0.4) = -1.18078
2) u(2,0.4) = -0.0544341
3) u(2,0.4) = 3.1905

4) u(2,0.4) = -3.02482

5) u(2,0.4) = 4.70288
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Exercise 1

Compute the volume of the domain limited by the plane

X+3z=6 and the paraboloid z==3x%+3y?.

1) 2.11383
2) 2.91291
3) 2.90925
4) 9.15916
5) ©.486798
Exercise 2

Consider the vector field F(x,y,z)=
{4y z+Sin[y*-27%], e —5y, X2 (5x_3 xy} and the surface

Compute JF .
S

Indication: Use Gauss' Theorem if it is necessary.

1) -2772.89 2) -1018.29 3) -2433.29 4) -565.487

Exercise 3
7@(x t)—@(x t) O<x<r, O<t
otz T Taxe M 4
u(@,t)=u(m,t)=0 0<t
u(x,0)=2 (x-2) (x-1)x (x-m) BO=<x=sr
5 -2Xx O<x<3
au(x,@): 6—’;—3—6 3ox<n 0. <Xx=<7
L © True

Compute the position of the string at x=1
and the moment t=0.5 by means of a Fourier series of order 9.

1) u(1,0.5) = ©.345009
2) u(l1,0.5) = -1.39201
3) u(1,0.5) = 8.95929
4) u(1,0.5) = 3.65618

5) u(1,0.5) = 4.82183
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Exercise 1

Compute the volume of the domain limited by the plane
9x+7z=6 and the paraboloid z=4x%+4y?.

1) 1.13323
2) 1.12577
3) 0.204618
4) 0.362258
5) 0.176827
Exercise 2

Compute the area of the domain whose boundary is the curve

r:[0,21] ----->R?
1+ 43 (V3-1)sin(t) (1+ V3 sin(t) 431
(zﬁ_izﬁ cos (t) (2cos(t)+9) 72‘/? +72‘/3 cos (t) (2cos(t)+9)
r(t)= T > in2
sin® (t)+1 sin® (t) +1

Indication: it is necessary to represent
the curve to check whether it has intersection points.

1) 118.034 2) 84.4336 3) 50.8336 4) 126.434

Exercise 3
S x, 1) =252 (x,t) 0<x<2, O<t
ot (o)
u(e,t)-u(2,t)-0 o<t

u(x,0)=2 (x-2)2 (x-1) x> 9=<x=<2
gtu(x,e):(xfz) (x-1) x> @.=<x=<2

0 True
1
Compute the position of the string at x= —
10
and the moment t=0.7 by means of a Fourier series of order 12.
1
1) u(— ,0.7) = -5.68558
10
1
2) u(— ,0.7) = -5.84817
10
3) u(— ,0.7) = -8.64182
10
4) u(— ,0.7) = -0.0411625
10
5) u(— ,0.7) = -1.97849
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Exercise 1

Compute J(y z)dxdydz for D=
D

{2yz3sx358yz3, 3x95y729311x9, 2x5y2sz759x5y2, X>0,y>0, z>0}

1) 2.90715x10°%

2) 7.26788x10°

3) 7.5586x10°%

4) 5.52359x108

5) 3.7793x10%

Exercise 2

Compute the mean curvature for X(u,v)=
{vCos[u], -v-2vCos[u] +2vSin[u], v-2vCos[u] -vSin[u]} at the point

1) H(6,10) = 8.66708
2) H(6,10) = -6.0537
3) H(6,10) = 3.39543
4) H(6,10) = -7.02895
5) H(6,10) = 0.00224457
Exercise 3
ou (x,t):QQ—ZZl (x,t) O<x<sT, O<t
ot Ox
u(e,t)=u(r,t)=0 o<t

U(x,0)=(x-1) x (x-7) @=<xX=<7

0

Compute the temperature of the bar at the point x=1
and the moment t=0.2 by means of a Fourier series of order 9.

1) u(1,0.2)
2) u(1,0.2)
3) u(1,0.2)
4) u(1,0.2)

5) u(1,0.2)

True

3.39543

-1.49276

-5.45221

-6.0537

-0.201158

(U,V)=(6,10).
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Exercise 1

Compute J(3xy3>d]xd1ydlz for D=
D

{3x83y52658x8, 2x4sy459x4, 7y285x8513y28, X>0,y>0, z>0}

1) 28.8009
2) 86.4027
3) 57.6018
4) 74.8823
5) 23.0407
Exercise 2

Compute the mean curvature for X(u,v)= {Cos[u] (3+2Cos[Vv]) + (3+2Cos[Vv]) Sin[u] +Sin[v],

-2 (3+2Cos[v]) Sin[u] -3Sin[v], (3+2Cos[v]) Sin[u] +Sin[v]} at the point (u,v)=(1,1).

1) H(1,1) = -3.12538
2) H(1,1) = 0.10636
3) H(1,1) = -7.87666
4) H(1,1) = 4.83323

5) H(1,1)

-5.26533



Exercise 3

M 6% 5%u
pe (X,1t) :9§ (X,t) O<x<1, o<t
u(@,t)=u(l,t)=0 o<t
45 x 4
-—= O=<x=-
u(x,0)= ¢ 4 > O<x<1
45 x - 45 gsxsl
Zu(x,0)=2 (x - 1) (X—§> (x—g)x2 0.=<x=<1
at ’ 5 5 o0
L O True
7
Compute the position of the string at x= —
10
and the moment t=0.4 by means of a Fourier series of order 10.
7
1) u( ,0.4) = -7.87666
10
7
2) u( ,0.4) = -5,26533
10
3) u( ,0.4) = 8.76168
10
4) u( ,0.4) = -1.83437
10
5) u( ,0.4) = 3.37995
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Exercise 1

Given the function
f(X,y,2)=24-2x+%X>-6y+y>-62z+2z> defined over the domain D=
X2 Y2 22

— + — + — <1, compute its absolute maxima and minima.
9 4 4

1) We have a minimum at {@.657104, ?, 1.37987}
2) We have a minimum at {©.795091, ?, 1.1039}
3) We have a minimum at {?, 3, 3}

4) We have a minimum at {1.07107, ?, 1.24189}

Exercise 2

Compute the Gauss curvature for X(u,v)=
{-6v-vCos[u] +4vSin[u], -v+vSin[u], -9v-vCos[u] +6vSin[u]}
at the point (u,v)=(1, -4).

1) K(1,-4) = 2.41183
2) K(1,-4) = @
3) K(1,-4) = 4.06713

4) K(1,-4) = 4.76888

5) K(1,-4) = -7.4613
Exercise 3
[ ou 5%u
= (X, 1) :QQ (X,t) O<x<i, o<t
ou ou
P~ (O,t):g( (T,t) =0 0<t
L O<x<2
2
u(x,0)=: 7x-19 2<x<3 0@=x=s7
_2x 52 3<x=<7
-3 -3
L © True

Compute the temperature of the bar at the point x=2
and the moment t=0.1 by means of a Fourier series of order 9.

1) u(2,0.1) = 4.06908
2) u(2,0.1) = 2.64938
3) u(2,0.1) = -2.03034
4) u(2,0.1) = 0.150739

5) u(2,0.1) = 2.25952
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Exercise 1

Compute J (3x +y?)dxdydz for D=
D

{8x5y952959x5y9, Szgsxy451229, 9x4z4sy3512x4z4, X>0,y>0, z>0}

1) 1.00003

2) 0.0000282817

3) 1.20003
4) 0.400028
5) -1.99997
Exercise 2
Compute the mean curvature for X(u,v)=
{-2v+vCos[u] +6vSin[u], v-vSin[u], v-2vSin[u]} at the point (u,v)=(0, 8).
1) H(@,8) = -6.75444
2) H(®,8) = -7.56176
3) H(0,8) = -0.888544
4) H(@,8) = 0.000688854
5) H(0,8) = -5.36387
Exercise 3
[ ou 52u
- (X,t) e (X,t) O<x<r, o<t
u(e,t)=u(m,t)=0 <t
7 x O=<x<1
u(x,0)= 13-6x l<x<2 O<X<rt
X 2
-—— +—+1 2<x=<7n
-2 -2
L © True

Compute the temperature of the bar at the point x=2
and the moment t=0.3 by means of a Fourier series of order 8.

1) u(2,0.3)
2) u(2,0.3)
3) u(2,0.3)
4) u(2,0.3)

5) u(2,0.3)

-0.888544

-5.36387

2.11445

-6.75444

-7.56176
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Exercise 1

Given the function

f(X,yY,2)=-16+6x-x>+4y-y?-z> defined over the domain D=
X2 y2 ZZ
— + — + — <1, compute its absolute maxima and minima.
9 4 25

1) We have a maximum at {?, 2.41619, 0.94235}
2) We have a maximum at {3, 2, ?}
3) We have a maximum at {1.17794, ?, -0.235587}

4) We have a maximum at {2.82705, 0.060316, ?}

Exercise 2

Compute the Gauss curvature for X(u,v)=
{vCos[u] +2vSin[u], -3vCos[u] -5vSinfu], v+vCos[u] +2vSin[u]}
at the point (u,v)=(0,2).

1) K(0,2) = -3.59475

2) K(©,2) = 0.814839

3) K(0,2) = -8.19113

4) K(®,2) = 5.82535

5) K(0,2) = 0

Exercise 3

Au a%u
(1) =972 (X, 1) P<x<4, O<t
ou ou
~(e,t) =" (4,1) =0 o=t

U(X,0)=—(x-4)2 (x-3) (x-1) x> 0=<x=<4
0 True

Compute the temperature of the bar at the point x=2
and the moment t=0.9 by means of a Fourier series of order 11.

1) u(2,0.9) = -4.78416
2) u(2,0.9) = -1.90893
3) u(2,0.9) = 2.55231
4) u(2,0.9) = 3.65714

5) u(2,0.9)

0.124345
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Exercise 1

Given the function
f(X,y,2)=17-2x+%x>-6y+y®>+2z> defined over the domain D=
X2y 22

— + — + — <1, compute its absolute maxima and minima.
9 25 4

1) We have a minimum at {0.7, 2.1, ?}
2) We have a minimum at {?, 1.5, -1.5}
3) We have a minimum at {0.4, ?, 0.9}

4) We have a minimum at {1, 3, ?}

Exercise 2

Xy

Consider the vectorial field F(x,y,z)=(-2xy+ +log(xy+1),

xy+1

X2

xy+1

—x2+6y,0

). Compute the potential function for this field whose potential at the origin is -3.

. Calculate the value of the potential at the point p=(9,4,5).

U(X,0)=(x-2) (X-1) x> (x-m) @=<X=m
0 True

Compute the temperature of the bar at the point x=1
and the moment t=0.8 by means of a Fourier series of order 9.

1) u(1,0.8) = -0.757003
2) u(1,0.8) = 0.329989
3) u(1,0.8) = -1.30824
4) u(1,0.8) = 1.78508

5) u(l,0.8) = 3.6499

828
1) -32+9Log[37] 2) -279 +9Log[37] 3) 462 +9 Log[37] 4) — +9Log[37]
5
Exercise 3
2

(1) =167 (x, 1) O<x<r, B<t

X g,t) =2 (r,t) =0 o<t

ox Ox
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Exercise 1

Given the system

-2u3 +3xyus-u;ul=110
3XUz; +2Yyu;us=-81

determine if it is possible to solve for variables x,y in terms of variables
Ui, Uz, U3, Ug, Us arround the POint pP=(X, Y, U1, Uz, U3, Ug, Us)=(-1

oy
,5,-4,-3,3,1,-3). Compute if possible — (-4,-3,3,1,-3).

Ouy
oy 18
1) 7(74:’3)3)]-)’3):7
OUZ 11
oy 16
2) 7(’4:’3:3:1,-’3):7
ou, 11
oy 17
3) 7(_4)_3)3)1)_3):7
du, 11
ay 15
4) 7<_41_3:3:11_3):7
du, 11
oy 14
5) 7(’4:*313)1)’3):7
6U2 11
Exercise 2

Compute the Gauss curvature for X(u,v)=
{Cos[u] (3+Cos[Vv]) +2 (3+Cos[v]) Sin[u], (3+Cos[v]) Sin[u], Sin[v]}
at the point (u,v)=(6,1).

1) K(6,1) = -4.36215
2) K(6,1) = -3.26782
3) K(6,1) = 0.0267218
4) K(6,1) = 0.89194

5) K(6,1) = 7.58008



Exercise 3

2
X (x,t) =4Q: (X,t) Q<x<m, O<t
ot X
u(@,t)=u(r,t)=0 0<t
3x O<x<1
u(x,0)= —£+i+3 l<x=<r @<x=<r
-1 -1
0 True

Compute the temperature of the bar at the point x=2
and the moment t=0.4 by means of a Fourier series of order 11.

1) u(2,0.4) = -6.00132
2) u(2,0.4) = 0.432

3) u(2,0.4) = -4.57209
4) u(2,0.4) = -6.53527

5) u(2,0.4) 5.88413
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Exercise 1

Given the system
—P-2viw-2wio3uwix-uxi—vwy - xy? = -277
-3-3vx-3uly+2wy =388

determine if it is possible to solve for variables x,y
in terms of variables u,v,w arround the point p=(x,y,u,v

Ox
,w)=(4,-5,-5,-3,2). Compute if possible — (-5,-3,2) .
ov
ox 932
1) 7(’5,!’3:2):7
ov 1923
X 931
2) 7(’5,!’3:2):7
ov 1923
ox 311
3) — (-5,-3,2)=—
ov 641
ox 935
4) — (-5,-3,2)=—-
ov 1923
ox 934
5 — (-5,-3,2)=—-
ov 1923
Exercise 2

Compute the Gauss curvature for X(u,v)=
{(1+2v?) Cos[u] -2 (1+2v?) Sin[u], (1+2v?)Sin[u], v- (1+2Vv?) Cos[u] +4 (1+2v?)Sin[u]}
at the point (u,v)=(1,4).

1) K(1,4) = 5.11091
2) K(1,4) = -4.47548x10°°
3) K(1,4) = -2.44869
4) K(1,4) = -1.5306

5) K(1,4) = -2.77887



Exercise 3

[ ou %u

— (X, t)=— (x,t) O<x<1, o<t
ot ox
u(e,t)=u(l,t)=0 o=t
80 x 7
— O<x<—
7 10
u(x,0)={ 85-110x —~ <x<2 @=x=<1
10 5
15x-15 S=<x=<1
L © True
3
Compute the temperature of the bar at the point x= —
10
and the moment t=0.7 by means of a Fourier series of order 9.
3
1) u(— ,0.7) = 0.00405601
10
3
2) u(— ,8.7) = -5.93027
10
3) u(— ,0.7) = -7.4986
10
4) u(— ,0.7) = 3.79038
10
5) u(— ,0.7) = 5.11091
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Exercise 1

Given the system

-2XYyU; +3YyuU3Ug==-12

Yy -XxuZ+2ulus=-1

determine if it is possible to solve for variables x,y in terms of
variables wu;, U, U3, Uz, Us arround the point p=(x,y, Uy, Uy, Us, Ug,

oX
us)=(3,2,-3,1,0,1,2). Compute if possible — (-3,1,0,1,2) .

Ous
ox
1) 7(73:1)6)1)2):’6
ous
ox
2) — (-3,1,0,1,2)=-4
@U3
ox
3) — (-3,1,0,1,2)=-5
dus
ox
4) 7<_3)1)GJ1)2):_2
@Ug
oX
5) 7(’3:116)1)2>:*3
ous
Exercise 2
Compute the Gauss curvature for X(u,v)=
{4v+vCos[u] +10vSin[u], v+3vSin[u], v+2vSin[u]} at the point (u,v)=(3,-2).

1) K(3,-2) = -5.58199

2) K(3,-2) = 7.7485

3) K(3,-2) = -4.95759
4) K (3,-2) = 4.36606

5) K(3,-2) = 0



Exercise 3

N x,t) =420 (x,t) 0<x<2, B<t
ot ox
u(d,t)=u(2,t)=0 o<t
U(x,0)=-2 (x-2) (x-1) x> 8=x=<2
0 True
3
Compute the temperature of the bar at the point x= —
10
and the moment t=0.2 by means of a Fourier series of order 10.
3
1) u(— ,0.2) = 5.57503
10
3
2) u(— ,0.2) = -5.08314
10
3) u(— ,0.2) = 0.0917546
10
4) u(— ,0.2) = -4.95759
10
5) u(— ,0.2) = 7.7485
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Exercise 1

Given the function

f(X,yY,2)=-9+6x-x>+6y-y>-2z> defined over the domain D=
X2 y2 22
— + — + — <1, compute its absolute maxima and minima.
9 16 9

1) We have a maximum at {?, 2.30717, -0.512704}
2) We have a maximum at {1.53387, ?, 0.769057}
3) We have a maximum at {3, 3, ?}

4) We have a maximum at {?, 2.56352, 0.}

Exercise 2

Consider the vectorial field F(x,y, z)=(
Yz (yz+2) ,xyzz+xz (Yyz+z),xy Y+1)z+xy (yz+2)
). Compute the potential function for this field whose potential at the origin is 4.

. Calculate the value of the potential at the point p=(-8, -4, -1).

322 184 966
1) 2) — 3) - — 4) -92
5 5 5
Exercise 3
Su 5%u
L (1) =167 2 (X, t) 0<x<2, O<t
ou du
S(8,t) =" (2,1) =0 0=t
.0 [SX Osxsle <2
= < <
UOGOI=] 1 5x 12x22 25XF
0 True
17
Compute the temperature of the bar at the point x= —
10
and the moment t=0.2 by means of a Fourier series of order 12.
17
1) u(— ,0.2) = -4.61943
10
17
2) u(— ,0.2) = 4.1918
10
17
3) u(— ,0.2) = 4.77325
10
17
4) u(— ,0.2) = 0.626963
10
17
5) u(— ,0.2) = 2.5

10
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Exercise 1

Given the function

f(X,y,2)=2-4x+%x>*-4y+y®>+2z> defined over the domain D=

X2 y2 z2
— + — + — <1, compute its absolute maxima and minima.
9 16 25

1) We have a maximum at {2, 2, ?}
2) We have a maximum at {-1.425, ?, -1.71578}
3) We have a maximum at {?, -3.35556, -1.61578}

4) We have a maximum at {-1.125, -3.55556, ?}

Exercise 2

Consider the vectorial field F(x,y, z)=(
2xy—yzzcos(xy) ,xz—zsin(xy) -Xyzcos(xy)+2y, -ysin(xy)
). Compute the potential function for this field whose potential at the origin is 4.

. Calculate the integral of the potential function ¢ over the domain [0,1]3.

1) 6.02074  2) 4.42074  3) -1.17926  4) -9.17926

Exercise 3
Su 6%u
M (x,t) =167 (x,t) O<x<4, O<t
ot ox
ou du
g( (e,t):g( (4,t):0 0<t

U(x,0)=(x-4)%2 (x-3)x 0=<x=<4
0 True

Compute the temperature of the bar at the point x=3
and the moment t=1. by means of a Fourier series of order 8.

1) u(3,1.) = -0.648212
2) u(3,1.) = 0.00523374
3) u(3,1.) = 4.57538
4) u(3,1.) = -3.76574

wvi
e
w
-
[ay
I

-7.46636
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Exercise 1

Compute the volume of the domain limited by the plane
10x + 82z =10 and the paraboloid z=x?+y?.

1) 14.1941
2) 3.71148
3) 1.68976
4) 4.22803
5) 3.75852
Exercise 2

Compute the area of the domain whose boundary is the curve

r:[0,21] ----->R?
(1+ V3 ) sin(t)  43-1 143 A3 -1) sin(t)
(—72‘/3 _z«/E cos (t) (8cos(t)+10) zﬁ_izﬁ cos (t) (8cos(t)+10) }

sin? (t)+1 ’ sin? (t)+1

r(t)={

Indication: it is necessary to represent
the curve to check whether it has intersection points.

1) 139.538 2) 77.9381 3) 31.7381 4) 154.938

Exercise 3
[ 2 1) =252 (x, 1) 0<x<5, Ot
ot Ox
u(0,t):u(5,t):0 <t

X O<x<1
u(x,e)_{ZX—l l<x<4 O<x<5
35-7x 4<x<5

X O=<x=<3
;u<x,e)—{3 3<x<4 0.<x<5
15-3x 4<x<5
L © True

Compute the position of the string at x=3
and the moment t=0.2 by means of a Fourier series of order 10.

1) u(3,0.2) = -0.302894
2) u(3,0.2) = -0.0733791
3) u(3,0.2) = 5.32335
4) u(3,0.2) = -2.63505

5) u(3,0.2) = -3.84233
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Exercise 1

Given the system

3x?y-3u;Upu; =45
-3x%uy - 3y?u, =315

determine if it is possible to solve for variables x,y in terms of
variables u;, u,, us, us arround the point p=(Xx,y,u;, Uy, U3, Us)=(

oXx
5,-1,-2,-4,-5,-5). Compute if possible — (-2,-4,-5,-5).

Ous
ox 1
1) 7(72)74)75"75):7
dus 9
ox 7
2) — (-2,-4,-5,-5)=—
dus 45
ox 4
3) 7(_21_4)_5)_5):*
dus 45
ox 8
4) 7(72:’4)’5175):7
6U3 45
ox 2
5) 7(’2:’4:’5175>:7
Ous 15
Exercise 2

Compute the Gauss curvature for X(u,v)=
{Cos[u] (3+Cos[Vv]) +Sin[v], -2Cos[u] (3 +Cos[Vv]) + (3+Cos[v]) Sin[u],
Cos[u] (3+Cos[v]) +2Sin[v]} at the point (u,v)=(6,4).

1) K(6,4) = -4.16262
2) K(6,4) = -1.96214
3) K(6,4) = -6.73147
4) K(6,4) = -2.53128

5) K(6,4) = -0.936307



| 65

Exercise 3
X (x,t) :40%' (X,t) 0<x<5, o<t
ot X
u(e,t)=u(5,t)=0 o<t
u(x,0)=-3 (x-5) (x-2) (x-1)x @=<x=<5
0 True

Compute the temperature of the bar at the point x=3
and the moment t=0.7 by means of a Fourier series of order 9.

1) u(3,0.7) = 10.0269
2) u(3,0.7) = -0.936307
3) u(3,0.7) = -2.47745
4) u(3,0.7) = -1.67536

5) u(3,0.7) = 7.91435
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Exercise 1

Given the function

f(X,y,2z)=-17-x*+2y-y*+6z-2z> defined over the domain D=
X2 y2 ZZ
— + — + — <1, compute its absolute maxima and minima.
9 16 25

1) We have a maximum at {-0.3, ?, 3.6}
2) We have a maximum at {?, 0.7, 1.5}
3) We have a maximum at {1.2, 2.5, ?}

4) We have a maximum at {-1.5, -0.2, ?}

Exercise 2
62 22
Consider the vectorial field F(x,y,z)=(-——— +y+3
xyz+1
6xy z* 6xy*z
,—— -6zlog(xyz+1) +x,-— -6ylog(xyz+1)
xyz+1 xyz+1

). Compute the potential function for this field whose potential at the origin is 4.

. Calculate the value of the potential at the point p=(6, -1, -10).

4469 391 3847
1) —— -60Log[61] 2) —— -60Log[61] 3) 16-60Log[61] 4) -—— -60Log[61]
5 10 5
Exercise 3

[ ou o%u

e (x,t) :16§ (X,%) O<x<T, o<t

ou ou

- (O,t):g( (,t) =0 0=t

2 x O<x<2
u(x,8)= _AX L8 4 2<xs<n O=x=<r
-2 -2

L © True

Compute the temperature of the bar at the point x=1
and the moment t=1. by means of a Fourier series of order 10.

1) u(1,1.) = -0.902642
2) u(l,1.) = 2.

3) u(1,1.) = -2.29904
4) u(1,1.) = 1.47015

5) u(l,1.) = 4.45262
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Exercise 1

Compute J(x2+z3)d]xd]ydlz for D=
D

{6x53y32258x5, 8x8285y7512x828, 5ysx3511y, Xx>0,y>0, z>0}

1) 32.7481
2) -6.82253
3) 13.6451
4) 9.55154
5) 4.09352

Exercise 2

Compute the mean curvature for X(u,v)=
{2-70*-5v-2v?+4u (1+V), -4+140% +11v+4V2 -u (9+8V), -2+7u”+5v+2vi-u (3+4v) |
at the point (u,v)=(-7, -4).

1) H(-7,-4) = -1.26426
2) H(-7,-4) = -0.134738
3) H(-7,-4) = -8.5887
4) H(-7,-4) = 5.98388
5) H(-7,-4) = 7.61278
Exercise 3
2
Z—: (x,t):Q% (x,t) @<x<r, @<t
u(@,t)=u(r,t)=0 =<t
u(x,0)=-3 (x-1) x> (x-m2 @<x=n
() True

Compute the temperature of the bar at the point x=1
and the moment t=0.7 by means of a Fourier series of order 8.

1) u(1,0.7) = 7.61278
2) u(1,0.7) = -1.26426
3) u(1,0.7) = -0.0143545
4) u(1,0.7) = 7.38804

5) u(1,0.7) = -3.42978
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Exercise 1

Compute J(3 X +z3)dxdydz for D=
D

{4x2y82251s12x2y822, 3x3sy823510x3,4sxz6311, X>0,y>0, z>0}

1) -1.28125
2) 0.918747
3) 1.51875
4) 0.218747

5) ©.0187465

Exercise 2

Compute the mean curvature for X(u,v)=
{2 (—1+4u2—u (=2 +V) —2v+v2), v, —2+3u+8u2—2v—2uv+2v2}
at the point (u,v)=(8,-2).

1) H(8,-2) = 5.34449

-8.76887

N
T
o]
-
|
N
I

3) H(8,-2) = 2.91099

4) H(8,-2) = -3.38081
5) H(8,-2) = -0.0023605
Exercise 3
2
S 6T =47 (1) 0<x<3, o<t
u(e,t)=u(3,t)=0 o<t
3x O<x<1
Uu(x,0)=:14-11x 1<x<2 0O=<x<3
8x-24 2<x<3
0 True

Compute the temperature of the bar at the point x=1
and the moment t=0.7 by means of a Fourier series of order 8.

1) u(1,0.7) = -8.76887
2) u(1,0.7) = -4.38328
3) u(1,0.7) = -4.43417
4) u(1,0.7) = -0.185753

5) u(1l,0.7) = -2.31471
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Exercise 1

Given the system

2v-w-uvw-3w -wx+vwy=-178
“l+wy-uxy-2wy?=-25

determine if it is possible to solve for variables x,y
in terms of variables u, v, w arround the point p=(x,y,u,

OX
v,w)=(0,2,3,-3,4). Compute if possible — (3,-3,4) .

ow
X 486
1) 7(3)’3,-4):’7
ow 47
oX 484
2) 7(3)’3.'4):’7
ow 47
X 487
3) 7(3)’314):’7
ow 47
X 488
4) — (3,-3,4)=-—
ow 47
X 485
5) — (3,-3,4)=-—
ow 47
Exercise 2

Compute the Gauss curvature for X(u,v)=
{-2v-3Cos[u] -2Sin[u], 2v+3Sin[u], v+2Cos[u] +Sin[u]} at the point (u,v)

1) K(@,9) = 1.99368
2) K(8,9) = 0

3) K(0,9) = -3.68913
4) K(0,9) = -6.70564

-5.41371

5) K(0,9)

(0,9).



Exercise 3

[ ou 52u
2 ot =7 (61 0<x<5, O<t
u(e,t)=u(s,t)=0 o<t
7x

O=<x<2
2

u(x,0)=:35-14x 2<x<3 0O=<x=<5
Ix 3 3<x<5
2 2

L @ True

Compute the temperature of the bar at the point x=4
and the moment t=0.3 by means of a Fourier series of order 10.

1) u(4,0.3) = -3.68913
2) u(4,0.3) - 0.103208
3) u(4,0.3) = -2.89212
4) u(4,0.3) = 4.97242

5) u(4,0.3) = -5.15922
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Exercise 1

Compute the volume of the domain limited by the plane
3x+82z==10 and the paraboloid z=6x>+6Yy?.

1) ©.361449
2) 0.630275
3) ©.322305
4) 1.84253
5) ©.412905
Exercise 2

Consider the vector field F(x,y,z)=

{—xy+Sin[2y2—zz}, 8xz+Sin[22%], e X2y’ +2xyz} and the surface

-6+ X y , 2+2
S=( —

6 2 9
Compute JF .
S

Indication: Use Gauss' Theorem if it is necessary.

1) 0.6 2) 1. 3) -0.7 4) 0.
Exercise 3
[ (X t)—Q@—Zu (X,1t) Q<x<, O<t
at2 T T T T g M ’
u(@,t)=u(m,t)=0 0<t
2X O=<x<1
7x 3
Uu(x,0)=: 2 ~ 2 =X= O<x=<7
22X, 2 19 3<xs<q
-3 -3
6 x O<x=<1
;cu(x,e)f X 6 6 1-x<n Q. <Xx=s7
-1 -1
L © True

Compute the position of the string at x=2
and the moment t=0.7 by means of a Fourier series of order 8.

1) u(2,0.7) = 7.96872
2) u(2,0.7) = 7.08849
3) u(2,0.7) = 0.206489
4) u(2,0.7) = -7.46227

5) u(2,0.7) = -4.45583
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Exercise 1

Compute J(ny)dlxd]yd]z for D=
D

{8x2y8526512x2y8, 4y325sx8313y325, 95x8y42518, X>0,y>0, z>0}
1) 0.501927
2) 0.701927

3) ©.00192659

4) 1.40193
5) ©.101927
Exercise 2

Consider the vectorial field F(x,y, z)=(
xyzzcos(xyz) +ysin(xyz) —2,x2yzcos(xyz) +xsin(xyz) +2,x2y2cos(xyz)
). Compute the potential function for this field whose potential at the origin is ©.

. Calculate the value of the potential at the point p=(0,4,7).

72 68 176
1) 8 2) ——  3) —— 4 —
5 5 5
Exercise 3
[ ou %u
- (X,t) :IGQ (x,t) O<x<sT, O<t
ou au
~(e,t) =" (m,t) =0 0=t
2Xx O<x<1
u(x’e)_{“+2+2 lex<n °°X=7
-1 -1
L O True

Compute the temperature of the bar at the point x=2
and the moment t=0.2 by means of a Fourier series of order 9.

1) u(2,0.2) = 0.447407
2) u(2,0.2) = -1.64859
3) u(2,0.2) = 4.1855

4) u(2,0.2) = 4.60211

5) u(2,0.2) = 0.99439
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Exercise 1

Compute J(ys)d]xdlyd]z for D=
D

{6x7z7sy2510x7z7, 2x3y32851511x3y328, 95x4y525515, X>0,y>0, z>0}

1) ©.146595
2) 1.8466
3) 1.9466
4) -1.0534
5) 1.4466
Exercise 2

Consider the vectorial field F(x,y,z)=(x*y*z>+2xy*2*> (xy-yz) -y
,xzyzzz (X -2) +2x2yz2 (xXy-y2z) —x,2x2yzz (Xy-yz) —x2y3’z2

). Compute the potential function for this field whose potential at the origin is -3.
. Calculate the integral of the potential function ¢ over the domain [0,1]3.

1) ©.75 2) -3.25 3) 1.95 4) -8.85

Exercise 3
N x,t) 21622 (x, 1) O<x<r, B<t
ot X
u(e,t)=u(r,t)=0 o<t
U(x,0)=-2 (x-2) (x-1)x (x-m?2 @=<x=m
0 True

Compute the temperature of the bar at the point x=1
and the moment t=0.2 by means of a Fourier series of order 12.

1) u(1,0.2) = -2.61123
2) u(1,0.2) = -6.12651
3) u(1,0.2) = -5.86333
4) u(1,0.2) = -8.69018

5) u(1,0.2) - -0.0169162
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Exercise 1

Given the system

“3vZe2uPw+3vx-3ux?P-uwy+3wxy=-65
3+2vw-3wx2+2xy=-15

determine if it is possible to solve for variables x,y
in terms of variables u,v,w arround the point p=(x,y,u,v

oXx
,w)=(2,1,-2,-5,1). Compute if possible — (-2,-5,1).
ou
OX 11
1) 7(’2,-’5:1):7
ou 16
X 21
2) 7(’2,-’5:1):7
ou 32
X 3
3) 7(’2,!’5)1):7
ou 4
X 25
4) — (-2,-5,1)=—
ou 32
X 23
50 — (-2,-5,1)=—
ou 32
Exercise 2

Compute the Gauss curvature for X(u,v)=
{8uP-u(1+9Vv) -2 (2+4v+Vv?),4-8u2+9v+9uv+2Vv?, 8u-u (2+9V) -2 (2+4v+Vv?)}
at the point (u,v)=(-2,4).

1) K(-2,4) = -2.4239
2) K(-2,4) = -3.46652
3) K(-2,4) = -9.45314x1077

4) K(-2,4) = 6.36576

5) K(-2,4) = -4.3733




Exe

Compute the temperature of the bar at the point x=3
and the moment t=0.7 by means of a Fourier series of order 11.

1)

rcise 3

du 5%u

ot

2

— (x,t) :467 (X, 1)

O<x<4, o<t

u(e,t)=u(4,t)=0 o<t

X

O<x<3

xX-4 3<x<4

u(x,@):{ 3

0

u(3,e.7)
u(3,e.7)
u(3,e.7)
u(3,e.7)

u(3,e.7)

True

4.69928
-0.0963413
-2.42396
-7.73536

2.20093
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Exercise 1

Given the function

f(X,y,z)=7+x>-2y+y?>-2z+2z> defined over the domain D=
X2 yr 22
— + — + — <1, compute its absolute maxima and minima.
9 4 9

1) We have a minimum at {?, 1.3, 1.2}
2) We have a minimum at {-0.3, ?, 0.7}
3) We have a minimum at {0.5, ?, 1.5}

4) We have a minimum at {@.3, ?, 1.4}

Exercise 2

Compute the Gauss curvature for X(u,v)=
{Cos[u] (3+Cos[Vv]), 6Cos[u] (3+Cos[v]) + (3+Cos[Vv]) Sin[u] -3Sin[v],
-2Cos[u] (3+Cos[v]) +Sin[v]} at the point (u,v)=(1,5).

1) K(1,5) = 2.64407

2) K(1,5) = 0.00828164

3) K(1,5) = 6.33028

4) K(1,5) = 8.38243

5) K(1,5) = 8.35111

Exercise 3

ou 5%u
= (X, 1) :QQ (X,t) O<x<ir, O<t
ou ou
2 (0,t) =2 (m,t) =0 o<t

U(X,0)=3 (x-2)x2 (x-m)? @=<x=mn
0 True

Compute the temperature of the bar at the point x=2
and the moment t=0.6 by means of a Fourier series of order 12.

1) u(2,0.6) = 3.01411
2) u(2,0.6) = 1.46893
3) u(2,0.6) = 4.65691
4) u(2,0.6) = -2.37959

5) u(2,0.6)

-4.1696
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Exercise 1

Compute the volume of the domain limited by the plane
10x +3z=3 and the paraboloid z=2x%+2y?.

1) 6.24588
2) 1.07375
3) 13.3644
4) 4.4821
5) 2.49448
Exercise 2

Consider the vector field F(x,y,z)=
{—SZ—SXZ—Sin[yZ—ZZ], 9z-5yz+Sin[x*-2°], e’zxz*zyz—xz—Syz} and the surface
-5+x -5+y -4 +z

S=( )2+ ( )2+ ( )2=1
3 3 2

Compute JF .
S

Indication: Use Gauss' Theorem if it is necessary.

1) -617.954 2) 10511.4 3) -21640.2 4) -6182.65

Exercise 3

[ o%u 8%u

; (X,t)—lG& (X,t) O<x<5, o<t

u(@,t)=u(5,t)=0 <t
-X O<x<1

u(x,0)=¢ 4x-5 1<x<2 O<x<5
5-x 2<x<5

a%u(x,e)f—z (X-5) (x-3) (x-1)x*> 0.<x<5

L © True

Compute the position of the string at x=1
and the moment t=0.3 by means of a Fourier series of order 10.

1) u(1,0.3) = 2.399
2) u(1,0.3) = -0.416888
3) u(1,0.3) = 1.99658
4) u(1,0.3) = 5.28316

5) u(1,0.3) = -6.18431
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Exercise 1

Given the system

Up-3XU2+uUy;-3yuz+2XUzUg+3Uu;u2 =217
2x2u;+3y%u;-3U3-2xUyus =9

determine if it is possible to solve for variables x,y in terms of
variables u;, u,, us, us arround the point p=(x,y,u;, Uy, Us, Uy

oXx
y=(-3,1,5,-1, -2, -1). Compute if possible — (5, -1, -2, -1).

6U1
ox 92
1) 7(5,-’1:’2)’1):7
du, 85
ox 93
2) 7<5J_1)_2)_1):7
du, 85
oX 91
3) 7(51_11_2)_1):7
du, 85
ox 19
4) 7(5171)’2)’1):7
Oul 17
ox 94
5) 7(5,-’1:’2:’1):7
Ouq 85
Exercise 2
Compute the Gauss curvature for X(u,v)=
{vCos[u], v+vCos[u] +vSin[u], 2v+2vCos[u] +vSin[u]} at the point (u,v)=(0,7).
1) K(©,7) = -4.95538
2) K(@,7) = 2.51894
3) K(0,7) = -3.00399
4) K(0,7) = -2.286

5) K(0,7) = @
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Exercise 3
N x,t) =420 (x,t) O<x<4, O<t
ot Ox
u(e,t)=u(4,t)=0 O<t
u(x,0)=(x-4) (x-2)x 0=<x=<4
0 True

Compute the temperature of the bar at the point x=2
and the moment t=0.8 by means of a Fourier series of order 8.

1) u(2,0.8) = -1.26789
2) u(2,0.8) = -8.43559
3) u(2,0.8) = @

4) u(2,0.8) = 2.51894

5) u(2,0.8) 1.84686
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Exercise 1

Compute J(x+x2)dlxd1ydlz for D=
D

{7y3zzsx4513y3zzJ 2x95y922310x9, 5x32§y9511x3z, X>0,y>0, z>0}

1) 2.00004
2) 1.90004
3) 0.700036
4) 1.10004

5) ©.0000361254

Exercise 2

Compute the mean curvature for X(u,v)=
{Cos[u] (3+Cos[v]) +2 (3+Cos[v]) Sin[u] -Sin[v], (3 +Cos[v]) Sin[u], Sin[v]}
at the point (u,v)=(3,5).

1) H(3,5) = -7.23036
2) H(3,5) = -6.29396
3) H(3,5) = 1.00082
4) H(3,5) = 8.3389
5) H(3,5) = 5.77446
Exercise 3
S x, 1) =42 (x, 1) 9<x<r, B<t
ot ox’
u(@,t)=u(r,t)=0 o<t
u(x,0)=2 (x-2) (x-1) x* (x-r) O<x=<n

@—iu(x,e):z (Xx-3) (Xx-2) x> (x-7) @.=x=<n
0 True

Compute the position of the string at x=1
and the moment t=0.4 by means of a Fourier series of order 9.

1) u(1l,0.4) = 4.24317
2) u(1,0.4) = 4.40609
3) u(1,0.4) = -5.68088
4) u(1,0.4) = 5.91531

5) u(1,0.4)

-1.8239
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Exercise 1

Compute J(y+z)d1xd]ydlz for D=
D

{3x8y3szzs4x8y3, 8x7sz7511x7, 9x3sy42516x3, X>0,y>0, z>0}
1) -0.899291
2) 1.90071
3) -0.599291
4) 0.000708989

5) 1.30071

Exercise 2

Consider the vector field F(x,y,z)=
{xz+sin[z®], 5xyz+Cos[2x*-22%], 6+9z-Sin[x*+2y?*|} and the surface
7 +X -4+y -9+2z

S=(—— )"+ )7+ ( )?=1
9 4 9

Compute JF .
S

Indication: Use Gauss' Theorem if it is necessary.

1) -241847. 2) 241847. 3) -403079. 4) -765850.
Exercise 3
r 2
Mx,t) =258 (x, ) O<x<r, O<t
ot ox
ou ou
2 (0,t)=2 (m,t) =0 P<t
-4 x O=<x<1
u(x,0)=1 X-5 l=x<2 gox<r
2X 85 3 2<x=<n
-2 -2
L @ True

Compute the temperature of the bar at the point x=2
and the moment t=0.3 by means of a Fourier series of order 8.

1) u(2,0.3) = ©.994879
2) u(2,0.3) = -2.29568
3) u(2,0.3) = -8.123982
4) u(2,0.3) = 3.20175

5) u(2,0.3) = -3.95028



82 |

Further Mathematics - Degree in Engineering - 2024/2025
Exam January-Call - computers for serial number: 62

Exercise 1

Given the system

v -2w?x+u?y==-35

3vw? 4 Xx-2UuXx+3wWx2+VwWy +VXy=-15

determine if it is possible to solve for variables x,y
in terms of variables u, v, w arround the point p=(x,y,u,

oX
v,w)=(1,-2,3,-1,3). Compute if possible — (3, -1,3).

ou
X 8
1) 7(3)’1,-3):7
ou 7
X 22
2) 7(3)’1.'3):7
ou 21
X 25
3) 7(3)’113):7
ou 21
X 26
4) — (3,-1,3)=—
ou 21
X 23
5 — (3,-1,3)=—
ou 21
Exercise 2

Compute the Gauss curvature for X(u,v)=
{v-vSin[u], vSin[u], 2v-vCos[u] -vSin[u]} at the point (u,v)=(1, -5).

1) K(1,-5) = 8.26069
2) K(1,-5) = o

3) K(1,-5) = 6.32033
4) K(1,-5) = -6.38339

8.51142

(%]
=
—
=
-
|
U1
—
1}



Exe

Compute the temperature of the bar at the point x=1
and the moment t=0.3 by means of a Fourier series of order 12.

1)

rcise 3
2t =2 k)
u(@,t)=u(r,t)=0
7 x
u(x,8)= 7; 14
-2 -2

L ©

u(1,0.3) = 0.3954
u(1,0.3) = -3.15388
u(1,0.3) = 8.44373
u(1,0.3) = -6.38339
u(1,0.3) = -5.56993

O<x<m, O<t

o<t

True
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Exercise 1

Given the function

f(X,y,2z)=-14+6x-x>-y*>-2z*> defined over the domain D=
X2 yz ZZ
— + — + — <1, compute its absolute maxima and minima.
9 4 16

1) We have a minimum at {-3., 0., ?}
2) We have a minimum at {?, 0.4, 0.3}
3) We have a minimum at {-2.6, ?, -0.4}

4) We have a minimum at {?, -0.5, -0.5}

Exercise 2

Compute the Gauss curvature for X(u,v)=
{Cos[u], -2v+2Cos[u] +Sin[u], v-Cos[u]} at the point (u,v)=(1, -7).

1) K(1,-7) = -8.40913
2) K(1,-7) = -3.31287
3) K(1,-7) = -1.21116
4) K(1,-7) = -8.68075

5) K(1,-7) = @

Exercise 3
P x,1)=9%Y (x, ) 0<x<3, O<t
ot ox
ou du
&(e,t):&w,t):@ o<t
u(x,0)=-((x-3) (x-2) (x-1)x) 0=<x=<3
0 True

Compute the temperature of the bar at the point x=2
and the moment t=0.6 by means of a Fourier series of order 10.

1) u(2,0.6) = 0.3

2) u(2,0.6) = -1.60698
3) u(2,0.6) = 2.06719
4) u(2,0.6) = -1.73942

5) u(2,0.6) = -4.67174
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Exercise 1

Compute the volume of the domain limited by the plane

10x+3z=4 and the paraboloid z==4x?+
1) 1.61473
2) 6.15471
3) ©0.381505
4) 0.632591
5) 6.42362
Exercise 2

4y2.

Compute the area of the domain whose boundary is the curve

r:[0,21] ----->R?
(1+ V3 ) sin(t)  43-1 143 | A3 -1) sin(t)
(—72‘/3 _z«/E cos (t) (5cos(t)+9) zﬁ_iz«ﬁ cos (t) (5cos(t)+9)
r(t)= ) ) in2
sin® (t) +1 sin® (t)+1

Indication: it is necessary to represent

the curve to check whether it has intersection points.

1) 194.26  2) 102.46  3) 20.8602 4) 163.66
Exercise 3
[ 6%u 5%u
et (X,1t) 7255 (X,t) 0<x<5, o<t
u(@,t)=u(5,t)=0 o<t
2Xx O<x<1
u(X,O)—{s_x 1<x<5 O=<xx<5
2 2
@%u(x,e):a (X-5) (x-2) (x-1)x*> 0.<x<5
L © True

Compute the position of the string at x=1

and the moment t=0.7 by means of a Fou

1) u(1,0.7) = 37.9657

2) u(1,0.7) = -5.68978
3) u(1,0.7) = -2.22466
4) u(1,0.7) = -0.911611

5) u(1,0.7) = 7.85398

rier series of order 8.
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Exercise 1

Given the function
f(X,y,2)=3-2x+%x>-4y+y®>+2z> defined over the domain D=
X2 Y2 22

— + — + — <1, compute its absolute maxima and minima.
9 9 9

1) We have a maximum at {-1.64164, ?, 0.3}
2) We have a maximum at {-1.34164, ?, 0.}
3) We have a maximum at {1, ?, 0}

4) We have a maximum at {-1.84164, -3.18328, ?}

Exercise 2
Compute the Gauss curvature for X(u,v)=
{(1+v?) Cos[u], (1+v?)Sin[u], v+ (1+Vv?) Cos[u]} at the point (u,v)=(6,10).
1) K(6,10) = -2.81037x10°8
2) K(6,10) = -8.88757

3) K(6,10) = 2.75234

4) K (6,10) = 4.56541

5) K(6,10) = 3.94236

Exercise 3

[ ou 5%u

5{<X’t):95;<x’t) O<x<i, o<t

ou ou

5;(0,t):5;(ﬂ,t):0 0<t
2 x O<x<2

u(x,8)= AX LB 4 2<xsn O=x=x
-2 -2

L © True

Compute the temperature of the bar at the point x=2
and the moment t=0.9 by means of a Fourier series of order 10.

1) u(2,0.9) = 2.00006

2) u(2,0.9) = 2.53634
3) u(2,0.9) = -2.6036
4) u(2,0.9) = -2.46924

5) u(2,0.9) = 1.23346
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Exercise 1

Compute J(x2+y3)d]xd]ydlz for D=
D

{4x3295y4s7x3z9, 6x3zssy8510x325,4x6225y4s7x622, X>0,y>0, z>0}

1) 0.00150755

2) -1.29849
3) ©0.201508
4) 1.80151
5) -1.89849

Exercise 2

Consider the vector field F(x,y,z)=
{ezyz’z 2 . 8xy, 3yz+Cos [x*], 4x+Sin[y?] } and the surface
-1+x ) -3+y 8+1z

( )2+ ( )2+ ( )%=1
9 7 7

Compute JF .
s

Indication: Use Gauss' Theorem if it is necessary.

S

1) -239403. 2) -177336. 3) 88668.3 4) -186202.
Exercise 3
[ ou 5%u
o 61) =475 (X, 1) 0<x<5, B<t
ou ou
> (0,t)=2 (5,t) -0 o<t
7x O<x=<2

2
U(X,8)=1 19- 2% 2<x<4 @sXx=5

20-4x 4=<x<5
L © True

Compute the temperature of the bar at the point x=1
and the moment t=0.3 by means of a Fourier series of order 11.

1) u(1,0.3) = 3.88631

2) u(1,0.3) = -0.815142
3) u(1,0.3) = 0.252446
4) u(1,0.3) = -2.97678

5) u(1,0.3) - -0.182033
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Exercise 1

Given the function

f(X,y,z)=1-x>+4y-y?>+4z-2> defined over the domain D=
X2 y2 22
— + — + — <1, compute its absolute maxima and minima.
9 16 9

1) We have a maximum at {0, 2, ?}
2) We have a maximum at {?, 2.4, 1.4}
3) We have a maximum at {-©.6, ?, 1.2}

4) We have a maximum at {?, 3., 1.}

Exercise 2

Consider the vectorial field F(x,y,z)=(-2xy?+yz (-2yz-z)&Y?+2xy

xXyz Xyz xXyz

,2XPy+xPixz (-2yz-2Z) e -2ze , ((2y-1) VP exy (-2yz-2) e

). Compute the potential function for this field whose potential at the origin is 3.

. Calculate the value of the potential at the point p=(-4,4,1).

9 9 9 9
1) -189 - — 2) 571- — 3) -854 - — 4) 191 - —
elG e16 els 616
Exercise 3
r 2
621675 (X, 1) o<x<r, o<t
ou ou
&(O,t):& (ﬁ,t):@ 0<t
2x O<x<3
u(x,0)= _6x L 18 e 3y O<Xx=<
-3 -3
L © True

Compute the temperature of the bar at the point x=2
and the moment t=0.4 by means of a Fourier series of order 10.

1) u(2,0.4) = 3.00157
2) u(2,0.4) = -0.0393287
3) u(2,0.4) = -4.2663
4) u(2,0.4) = -3.38086

5) u(2,0.4) = -0.988095
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Exercise 1

Compute J (3x +y)dxdydz for D=
D

{9y63x322518y6, 1<x'yz*<2,8y32° <x*<10y%7%, x>0, y>o0, z>0}

1) 1.7007
2) 1.9007
3) 1.5007

4) 0.000699224

5) ©.800699

Exercise 2

Compute the mean curvature for X(u,v)=
fu, =7-50*-2u (-2+V) -5v+7V%, -7-502-2u (-2+V) -6V +7V’}
at the point (u,v)=(3,-9).

1) H(3,-9) = -1.90983
2) H(3,-9) = 0.0249283
3) H(3,-9) = -1.47127
4) H(3,-9) = -7.46242
5) H(3,-9) = 6.32488
Exercise 3
[T %, 1) =978 (x, 1) 0<x<r, <t
otz 77 oxt 7 >
u(oe,t)=u(r,t)=0 o<t
U(x,0)=3 (x-3) (x-2) x> (x-n) ©O=<x=<r
3x O=<x<2
EU(X,Q): 6 2<x<3 9. <x<7
ot 6 x 18
-—— +— +6 3=<x=7
-3 -3
L@ True

Compute the position of the string at x=1
and the moment t=0.9 by means of a Fourier series of order 11.

1) u(1,0.9) = 3.1808
2) u(1,0.9) = 1.93312
3) u(1,0.9) = 0.646913
4) u(1,0.9) = -0.263191

5) u(1,0.9) = -5.08921
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Exercise 1

Compute J (3x +x3)dxdydz for D=
D

{55x4y7z4512, 8y83x7z3510y8, 2x8y522s1s7x8y522, X>0,y>0, z>0}

1) ©.00330902

2) -1.89669
3) 1.40331
4) 1.70331

5) -0.196691

Exercise 2

Consider the vectorial field F(x,y, z)=(
x3y4+3x2y3 (Xy+2y2z) ,x3y3 (X+22) +3x3y2 (xXy+2yz), 2x3’y4
). Compute the potential function for this field whose potential at the origin is 1.

. Calculate the value of the potential at the point p=(5,3,-9).

1) -131624  2) -526496 3) -460684  4) -658120

Exercise 3
N x,t) 21622 (x, 1) 0<x<5, O<t
ot ox
u(@,t)=u(5,t)=0 o<t
u(x,0)=-((x-5) (x-4)x) 0=<x=<5
0 True

Compute the temperature of the bar at the point x=2
and the moment t=0.9 by means of a Fourier series of order 11.

1) u(2,0.9) = 8.45657
2) u(2,0.9) = -5.23945
3) u(2,0.9) = -5.8807

4) u(2,0.9) = -0.031258

5) u(2,0.9) = -8.36429
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Exercise 1

Given the function
f(X,yY,2)=10-2x+%x>*-6y+y>+2z> defined over the domain D=
X2y 22

— + — + — <1, compute its absolute maxima and minima.
9 25 16

1) We have a minimum at {?, 2.7, 0.9}
2) We have a minimum at {?, 3.9, -0.3}
3) We have a minimum at {?, 3, 0}

4) We have a minimum at {?, 3.6, 0.9}

Exercise 2
Consider the vectorial field F(x,y, z)=(
xy?z x*yz x?y?
+ylog(xyz+1) , —— +xlog(xyz+1) -3, ——
xyz+1 xyz+1 xyz+1

). Compute the potential function for this field whose potential at the origin is 3.

. Calculate the value of the potential at the point p=(-5,-9,5).

10347
1) 30 +45Log[226] 2) - + 45 Log[226]
10
5487 2061
+45 Log[226] 4) +45 Log[226]
10 5
Exercise 3
[ 6u o%u
4 (61) =162 (X, 1) O<x<4, O<t
ou Au
(e,t)=— (4,1)-0 o<t
-X O=<x<1
u(x,0)=5 x 4 1ox=<a O<x<4
33
L © True

Compute the temperature of the bar at the point x=1
and the moment t=0.9 by means of a Fourier series of order 9.

1) u(1,0.9) = -0.500022
2) u(1,0.9) = 0.266648
3) u(1,0.9) = -1.5925

4) u(1,0.9) = -1.64072

5) u(l,0.9) = 4.44106
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Exercise 1

Given the system

3u3-2ulv-2uvi+2x3P-2uvy=-342
2uvZ-2uy+2vxy+vy?=-15

determine if it is possible to solve for variables x,y in terms of variables u, v

ox
arround the point p=(x,y,u,v)=(-3,-3,-4,3). Compute if possible — (-4,3) .
ov
ox 31
1) — (4,3)=—
ov 45
ox 19
2) — (-4,3)=—
ov 27
ox 91
3) — (-4,3)=—
ov 135
ox 94
4) — (-4,3)=—"
ov 135
ox 92
5) — (-4,3)=—
ov 135
Exercise 2

Compute the Gauss curvature for X(u,v)=
{vCos[u] -2vSin[u], vSin[u], v-2vCos[u] +4vSin[u]} at the point (u,v)=(6,8).

1) K(6,8) = -8.52921
2) K(6,8) = 6.04176
3) K(6,8) = 5.11862

4) K(6,8) = 2.1208

5) K(6,8) = ©
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Exercise 3
%: (X, t) :% (X, t) 0<x<3, O<t
U(@,t):U(B,t):O 0=t
u(x,0)=-((x-3) (x-2) (x-1)x) @0=<x=<3
0 True

Compute the temperature of the bar at the point x=1
and the moment t=0.9 by means of a Fourier series of order 8.

1) u(1,0.9) = 2.81498
2) u(1,0.9) = 0.8429565
3) u(1,0.9) = -5.89744
4) u(1,0.9) = 3.11296

5) u(1,0.9) = 2.1208



94 |

Further Mathematics - Degree in Engineering - 2024/2025
Exam January-Call - computers for serial number: 72

Exercise 1

Compute the volume of the domain limited by the plane
10x+4z=6 and the paraboloid z=5x%+5y?.

1) 1.03206
2) ©0.881709
3) 3.6863
4) 4.93609
5) 2.82524
Exercise 2

Consider the vector field F(x,y,z)=
{-7xz+Cos[2y?], 5yz-Sin[22®], -9+4x+Cos[y*|} and the surface
-2+X ) -4 +y -4 +2

( )2+ ( )2+ ( )%=1
3 7 9

Compute JF .
S

Indication: Use Gauss' Theorem if it is necessary.

S

1) 2534.15 2) -5066.65 3) -6333.45 4) 7601.35
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Exercise 3
M 6% 52u
poes (x,t):lGQ (X,t) 0<x<2, o<t
u(e,t)=u(2,t)=0 0=t
Uix.0 {SX O=<x<1 0<x<2
= < <
(0= 10 _5x 1=x=<2 mhT
ﬁuxe—{Ex O=<x=<1 0 X <2
ot (x,0) = 6-3x 1<x<2 T
L O True
6
Compute the position of the string at x= —
5
and the moment t=0.9 by means of a Fourier series of order 11.
6
1) u(-,0.9) = 0.777315
5
6
2) u(—,0.9) = -7.78745
5
6
3) u(—-,0.9) = -7.88413
5
6
4) u(—-,0.9) = -7.31095
5
6
5) u(—,0.9) = 2.76218
5
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Exercise 1

Given the system

2u-3u?+3ud-x2+3x3-3y+3uy-uly+2y?-xy?+yd=-424
34 x+2x2+3x3+2y-3uy+3xy-3uy?-2y3=-453

determine if it is possible to solve for variables x,y in terms of variable

OX
u arround the point p=(x,y,u)=(4,4,-5). Compute if possible — (-5) .

ou

OX 15713
1) — (-5)=-

ou 8263

OX 15714
2) — (-5)=-

ou 8263

OX 15715
3) — (-5)=-

ou 8263

OX 15717
4) — (-5)=-

ou 8263

OX 15716
5) — (-5)=-

ou 8263

Exercise 2

Compute the Gauss curvature for X(u,v)=
{2Cos[u] (3+Cos([v]) - (3+Cos[v]) Sin[u], -Cos[u] (3+Cos[Vv]) + (3+Cos[v]) Sin[u], Sin[v]}
at the point (u,v)=(6,6).

1) K(6,6) = -5.46441
2) K(6,6) = -4.30028
3) K(6,6) = 0.567182
4) K(6,6) = -2.00082

5) K(6,6) = 5.62264
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Exercise 3
ou 52u
- (X,t) R (X,t) O<x<2, o<t
u(o@,t)=u(2,t)=0 0=t
U(X,0)=2 (x-2)2 (x-1)x 0=<x=<2
0 True
3
Compute the temperature of the bar at the point x= —
2
and the moment t=0.9 by means of a Fourier series of order 12.
3
1) u(-,0.9) = 5.98502
2
3
2) u(—-,0.9) = 4.1082
2
3
3) u(-,0.9) = -0.0215293
2
3
4) u(—,0.9) = 1.30669
2
3
5) u(—,0.9) = -5.46441
2
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Exercise 1

Compute the volume of the domain limited by the plane
2x+62z=7 and the paraboloid z=2x%+2y?.

1) ©.939919
2) ©0.530404
3) ©.8303
4) 1.09462
5) 3.79128
Exercise 2

Consider the vector field F(x,y,z)=
. 2 2 2 x%+y?
{6xy—4yz—51n[z |,3y-8xz+Cos[2?], e +4y—3z} and the surface
-2+X 9+y -7+z

S=( )2+ ( )2+ ( )%=1
4 6 3

Compute JF .
S

Indication: Use Gauss' Theorem if it is necessary.

1) -9771.22 2) -16286. 3) 3258.38 4) -57003.5
Exercise 3
[ 6%u 8%u
poes (X,t) _IGQ (X,t) Q<x<m, O<t
u(o,t)=u(r,t)=0 0<t
- @<x<3
u(x,0)= O<X<7r
’ 2X 8 ) 3<xs<7
-3 -3
5 -2Xx O<x<2V2=<x<3
Otu(x,@){s);_u;_s 3ox<n 0. <x=s7
0 True

Compute the position of the string at x=1
and the moment t=0.8 by means of a Fourier series of order 9.

1) u(1,0.8) = 6.33049
2) u(1,0.8) = -4.01609
3) u(1,0.8) = 7.34124
4) u(1,0.8) = 1.58241

5) u(1,0.8) = 0.308309
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Exercise 1

Given the system
-3 xy? =240
“3ulw+2uvXx-2wy? =360
determine if it is possible to solve for variables x,y
in terms of variables u,v,w arround the point p=(x,y,u,v

OX
,w)=(-5,-4,-4,3,-3). Compute if possible — (-4,3,-3).
ou
X 83
1) 7(’4,!3;’3):’7
ou
X 81
2) 7(’4,!3;’3):’7
ou 4
OXx
3) — (-4,3,-3)=-21
ou
X 85
4) — (-4,3,-3)=-—
ou 4
X 41
5) 7(’4131’3):**
ou 2
Exercise 2

Compute the Gauss curvature for X(u,v)=
{v+vCos[u], -v-vCos[u] +vSin[u], v} at the point (u,v)=(4,-5).

1) K(4,-5) = -8.77251
2) K(4,-5) = 5.12992
3) K(4,-5) =0

4) K(4,-5) = 4.69637

-1.68733

(V2]
=
—
IN
M
|
v
-
Il
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Exercise 3
[ ou 8%u
ot (X, t) =0 (X, 1) Q<x<m, O<t
u(e,t)=u(m,t)=0 o<t
%X O=<x<3
u(x,0)= O<Xx<T
’ LI 5 3<x=<r
-3 -
L O True

Compute the temperature of the bar at the point x=1
and the moment t=0.9 by means of a Fourier series of order 9.

1) u(1,0.9) = -1.68733
2) u(1,0.9) = 1.09577
3) u(1,0.9) = -3.16967
4) u(1,0.9) = 4.01199

5) u(1,0.9) = -5.30497
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Exercise 1

Given the system

2Xyu;+2ugul=-88
3xy?=-54

determine if it is possible to solve for variables x,y in terms of variables
Up, Up, Uz, Ug, Us arround the POint p=(X,Yy, Us, Uy, U3,U4,U5):(—2,

ox
-3,-5,-4,-3,-2,-1). Compute if possible — (-5,-4,-3,-2,-1).

Ous

oXx

1) — (-5,-4,-3,-2,-1)=0
Ous
ox

2) 7<_5J_4:_3:_2)_1):1
Ousg
ox

3) 7(_51_4)_3)_21_1):3
Ousg
ox

4y — (-5,-4,-3,-2,-1)=4
Ous
oXx

5 — (-5,-4,-3,-2,-1)=2
Ous

Exercise 2

Compute the Gauss curvature for X(u,v)=
{2v+vCos[u] +vSin[u], vSin[u], v} at the point (u,v)=(0, -4).

1) K(0,-4) = 6.80638

N
~
(W]
-
|
N
Il

-0.517856
3) K(0,-4) = o

4) K (@, -4) = 7.94007

2.24287

(%21
~
(W]
-
|
N
Il
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Exercise 3
QE(X:t)=4g%(X,t) Q<x<m, O<t
ot X
u(@,t)=u(r,t)=0 0<t
2 O<x<3
u(x,0)= X 3 O=<Xx=7
-——— +—+1 3=<x=<r
-3 -3
0 True

Compute the temperature of the bar at the point x=2
and the moment t=0.2 by means of a Fourier series of order 8.

1) u(2,0.2) = -1.49834
2) u(2,0.2) = 0.281574
3) u(2,0.2) = -4.35531
4) u(2,0.2) = 6.80638

5) u(2,0.2)

-0.517856
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Exam January-Call - computers for serial number: 77

Exercise 1

Compute J(x+y2)dlxd1ydlz for D=
D

{9xy52551512xy525, 8y325x9513y3z, 7ysx827514y, X>0,y>0, z>0}

1) 1.90028
2) 1.10028
3) 1.90028
4) 1.40028

5) ©.000282507

Exercise 2

Compute the mean curvature for X(u,v)=
fusr8u?+14uv+2 (-9-6v+7Vv?), 9-4u2+6v-7uv-7Vv:, -9+4u*-7v+7uv+7v?}
at the point (u,v)=(-9, -8).

1) H(-9,-8) = -6.14992
2) H(-9,-8) = 6.81761
3) H(-9,-8) = -1.07807
4) H(-9,-8) = 0.0392344
5) H(-9,-8) = -4.71657
Exercise 3
2
o (61) =875 (X, 1) B<x<4, O<t
u(e,t)=u(4,t)=0 o<t
U(x,0)=(x-4)%2 (x-3)x 0=<x<4
0 True

Compute the temperature of the bar at the point x=3
and the moment t=1. by means of a Fourier series of order 9.

1) u(3,1.) = -5.275

2) u(3,1.) = 1.37161
3) u(3,1.) = -6.14992
4) u(3,1.) = -6.72372

5) u(3,1.) = -0.62987
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Exam January-Call - computers for serial number: 78

Exercise 1

Compute the volume of the domain limited by the plane
10x +4z==8 and the paraboloid z=10x?+10y?.

1) ©.848724
2) 0.408734
3) 2.25189
4) 0.157563
5) ©.730328
Exercise 2

Compute the area of the domain whose boundary is the curve

r:[0,21] ----->R?
(1+ V3 ) sin(t)  43-1 1- 43 pﬁJ‘, sin(t)
(_72 v vz cos(t) (5cos(t)+8) v v cos (t) (5cos(t)+8) }

sin? (t)+1 ’ sin? (t)+1

r(t)={

Indication: it is necessary to represent
the curve to check whether it has intersection points.

1) 136.46 2) 51.4602 3) 85.4602 4) 119.46

Exercise 3

[ 6%u 5%u

et (x,t)725§ (X,t) 0<x<5, 0O<t

u(@,t)=u(5,t)=0 o<t
-X O<x<2

u(x,0)=: 4x-10 2=<x<3 @<x<5
5-x 3<x<5

a—iu(x,e):—(X—S)z (Xx-2) (x-1)x ©.<x<5

0 True

Compute the position of the string at x=1
and the moment t=0.6 by means of a Fourier series of order 11.

1) u(1,0.6) = -8.28847
2) u(1,0.6) = 4.91495
3) u(1,0.6) = 2.28795
4) u(1,0.6) = -7.43281

5) u(l,0.6) ~2.5737
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Exercise 1

Compute the volume of the domain limited by the plane
6x+52z=9 and the paraboloid z=2x%+2y?.

1) 14.341
2) 7.90235
3) 2.61742
4) 3.07907
5) 14.2462
Exercise 2

Consider the vector field F(x,y,z)=
. 2 . 2 x2-2y?
{—xy+6z—51n[y |, -7yz-sin[2%?], e —7z+7xz} and the surface
-2+X -4+y z

S=( )24+ (
6 1 4

Compute JF .
S

Indication: Use Gauss' Theorem if it is necessary.

1) -149.907 2) -902.407 3) 301.593 4) 90.8929

Exercise 3
[ 6%u 8%u
poes (X,t) _IGQ (X,t) O<x<, O<t
u(e,t)=u(m,t)=0 o<t
U(X,0)=-3 (x-3) (x-2)x* (X-n) @=<x=7
—13( O<x<3
—Uu(X,0)= 0. <X=<71
ot (x,@) X .3 1 3<xz<n
-3 -3
L @ True

Compute the position of the string at x=1
and the moment t=0.9 by means of a Fourier series of order 9.

1) u(1,0.9) = -1.85304
2) u(1,0.9) = -1.17129
3) u(1,0.9) = 2.62175
4) u(1,0.9) = 1.25623

5) u(1,0.9) = 6.65067
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Exam January-Call - computers for serial number: 80

Exercise 1

Given the function

f(X,yY,2)=-17+2x-x>+6y-y?>+6z-2> defined over the domain D=
X2 y2 22
— + — + — <1, compute its absolute maxima and minima.
9 4 16

1) We have a minimum at {1, ?, 3}
2) We have a minimum at {?, -0.389117, -3.62958}
3) We have a minimum at {-0.0607348, ?, -3.32958}

4) We have a minimum at {?, -0.489117, -3.82958}

Exercise 2

Compute the Gauss curvature for X(u,v)=

{-2v+3vCos[u] -2vSin[u], v-vCos[u] +vSin[u], v-vCos[u]} at the point (u,v)=(1,-7).
1) K(1,-7) = 2.18177
2) K(1,-7) = -0.896889
3) K(1,-7) = -2.15228
4) K(1,-7) = 5.0709%4
5) K(1,-7) = ©
Exercise 3
gg(x,t):Qgg(x,t) O<x<, O<t
2(e,t) =2 (m,t) =0 o<t

U(x,0)=-2(x-3) (x-2) X (X-5) @=<xX=<
0 True

Compute the temperature of the bar at the point x=2
and the moment t=0.9 by means of a Fourier series of order 8.

1) u(2,0.9) = -1.19571
2) u(2,0.9) = 4.63136
3) u(2,0.9) = 1.2121

4) u(2,0.9) = 1.00193

5) u(2,0.9) = 3.64092



| 107

Further Mathematics - Degree in Engineering - 2024/2025
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Exercise 1

Compute the volume of the domain limited by the plane
4x+62z=10 and the paraboloid z==3x%+3y?.

1) 1.5198
2) 7.31337
3) 1.29952
4) 2.69468
5) ©.543516
Exercise 2

Consider the vector field F(x,y,z)=

-x%2+2y?

y2-222 -227%
{e +6y-2z, e -3xy+2yz, e +5xyz} and the surface

-3+X 2+y -9+z

S=( )2+ ( )2+ ( )%=1
3 4 6

Compute JF .
S

Indication: Use Gauss' Theorem if it is necessary.

1) -22801.9 2) 16468.9 3) -6333.45 4) -5700.05

Exercise 3
[ 6%u 8%u
poes (x,t)_25§ (X,t) O<x<m, O<t
u(o,t)=u(r,t)=0 0<t
-4 x O<x<2
u(x,0)= 13 x - 34 2<x<3 gox<r
5x 15
-—— +——=+5 3=zx=7x
-3 -3
X O<x<2
2U(X,0): 16 -7 x 2<x<3 0. <X<7T
ot 5 x 15
—— -—=-5 3<x=<r
-3 -3
L © True

Compute the position of the string at x=2
and the moment t=0.4 by means of a Fourier series of order 9.

1) u(2,0.4) = 2.42697
2) u(2,0.4) = -3.26779
3) u(2,0.4) = 6.52387
4) u(2,0.4) = 8.92438

5) u(2,0.4) = -3.36682
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Further Mathematics - Degree in Engineering - 2024/2025
Exam January-Call - computers for serial number: 82

Exercise 1

Compute the volume of the domain limited by the plane
10x +62z==7 and the paraboloid z==8x?+8y?.

1) ©.967653
2) ©0.308503
3) ©0.233837
4) 1.2394
5) ©.128057
Exercise 2

Consider the vector field F(x,y,z)=
{eyz*zzz +6Xxy, xy-yz+Cos|[z?], —7z—5yz+Cos[x2+2y2}} and the surface
-5+x -6+y 4+2

S=( )2+ ( )2+ ( )%=1
7 8 1

Compute JF .
S

Indication: Use Gauss' Theorem if it is necessary.

1) -374.622 2) 1876.58 3) 7129.38 4) -4126.62

Exercise 3

[ o%u 8%u

poes (X,t) _IGQ (X,t) 0<x<3, o<t
u(@,t)=u(3,t)=0 0<t
u(x,8)=(x-3)2(x-2) (x-1) x> 0=<x=<3
5 X O<x<2

—u(x,0)= 2 0. <x<3
ot X-3 2=<x=<3

| © True

Compute the position of the string at x=2
and the moment t=0.8 by means of a Fourier series of order 9.

1) u(2,0.8) = 0.660492
2) u(2,0.8) = 0.021232
3) u(2,0.8) = -7.19018
4) u(2,0.8) = 2.19637

5) u(2,0.8) = 2.17079
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Exercise 1

Compute J(Z X +z3)dxdydz for D=
D

{6x3sy624515x3, 55x4y623510, 8x5yssz4513x5y5, X>0,y>0, z>0}

1) ©.01945
2) ©.51945
3) 1.41945
4) 0.41945
5) 1.81945

Exercise 2

Compute the mean curvature for X(u,v)=
{2v+ (1+2v?) Cos[u] +2 (1+2Vv?) Sin[u], v+ (1+2Vv?) Sin[u], 3v+2 (1+2Vv?) Sin[u]}
at the point (u,v)=(4,-6).

1) H(4,-6) = -3.74962

0.000170781

N}
T
I

.

|
<)}
1

3) H(4,-6) = 5.15575

4) H(4,-6) = -1.90582
5) H(4,-6) = 5.61539
Exercise 3
r 2
61 =978 (1) o<x<r, O<t
u(e,t)=u(r,t)=0 0<t
6 x O<x<1
U(X,@): X+5 1l<x<2 Q<x<7T
7x 14
-+ —— +7 2=<X=<7
-2 -2
L@ True

Compute the temperature of the bar at the point x=2
and the moment t=0.1 by means of a Fourier series of order 8.

1) u(2,0.1) = 8.25674

2) u(2,0.1) = -2.08441
3) u(2,0.1) = 2.51927
4) u(2,0.1) = 5.20323

5) u(2,0.1) = -3.86948
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Exam January-Call - computers for serial number: 84

Exercise 1

Given the system

-3x%y =225
y?-3ud+3xu=--51
determine if it is possible to solve for variables x,y in terms of

variables u;, u,, us, us arround the point p=(x,y,u;, Uy, Us, Uy

oy
y=(-5,-3,0,-4,-2,4). Compute if possible — (0, -4,-2,4) .

Oug

ay

1) — (0,-4,-2,4)=2
Oug
oy

2) — (0,-4,-2,4)=3
Ouy
oy

3) — (0,-4,-2,4)=1
Ouy
oy

4) — (0,-4,-2,4)=0
Ouy
oy

5) — (0,-4,-2,4)-4
Oug

Exercise 2

Compute the Gauss curvature for X(u,v)=
{-2v-Cos[u], Sin[u], v+Cos[u] -2Sin[u]} at the point (u,v)=(6,4).

1) K(6,4) = -1.97258
2) K(6,4) = ©

3) K(6,4) = -1.79916
4) K(6,4) = -5.20398

5) K(6,4) = -2.24175
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Exercise 3
%: (X, 1) =% (X, 1) Q<x<m, O<t
u(@,t)=u(r,t)=0 0<t
U(x,0)=-3 (x-3) (x-1) x> (x-m)? 0=<x=n
0 True

Compute the temperature of the bar at the point x=2
and the moment t=0.1 by means of a Fourier series of order 10.

1) u(2,0.1) = 5.49318
2) u(2,0.1) = 4.12074
3) u(2,0.1) = -6.46945
4) u(2,0.1) = -7.49152

5) u(2,0.1) = 11.6008
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Exam January-Call - computers for serial number: 85

Exercise 1

Given the system

2ux+3ux?+2uy’ -y =86
—u-3u’x-3v¥x-3uy-3uvy=34

determine if it is possible to solve for variables x,y in terms of variables u, v

ox
arround the point p=(x,y,u,v)=(-3,2,2,2). Compute if possible — (2,2) .
ov
ox 4
1) —(2,2)=—
ov 37
ox 8
2) —(2,2)=—
ov 37
ox 5
3) —(2,2)=—
ov 37
ox
4) — (2,2)=—
ov
ox
5) —(2,2)=—
ov 37
Exercise 2

Compute the Gauss curvature for X(u,v)=
{u, -8u?-4u (1+2V) +Vv (-7+9V), 8u’+ (8-9V) v+u (4+8v)} at the point (u,v)=(-8,8).

1) K(-8,8) = ©.908098

2) K(-8,8) = 6.18989
3) K(-8,8) = -4.98854x10°8
4) K(-8,8) = 5.0941

5) K(-8,8) = 3.10511



Exercise 3

Ou
ot

52u
(X)t> —Q (X)t)

u(@,t)=u(r,t)=0

U(x,0)=-2 (x-3) x% (x-r)

0

Compute the temperature of the bar at the point x=2
and the moment t=0.3 by means of a Fourier series of order 9.

u(2,e.3)
u(2,e.3)
u(2,e.3)
u(2,e.3)

u(2,0.3)

-3.82503
5.0941

-5.34232
-6.48054

7.35419

O<x<m, o<t
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Exam January-Call - computers for serial number: 86

Exercise 1

Compute J(yz3)d1xd]ydlz for D= {65y229514,55x6y72259,3x9528510x9,x>9,y>0,z>0}
D

1) -0.895287
2) -0.595287
3) -08.295287
4) 0.00471286

5) 1.10471

Exercise 2

Compute the mean curvature for X(u,v)=
[-4-2u?+5u (-1+Vv) +3Vv+9V3, v, -4-20u2+4Vv+9V2+u (-6+5V) |
at the point (u,v)=(-1,3).

1) H(-1,3) = 4.40624

2) H(-1,3) = 4.18965

3) H(-1,3) = -4.80809

4) H(-1,3) = 1.73075

5) H(-1,3) = 0.0457121

Exercise 3

[ 6%u o%u
— (x,t)=9—
ot? (1) ox?

u(e,t)=u(s,t)=0 o<t

—%X O<x<3
u(x,0)= O<x<5

(X,1t) 0<x<5, o<t

25
- 3<x<5

5x
2
-6 X O<x<1
13 x
3
35-7x 4=<x<5
True

IA
x
IA
2]

73—31 1<x<4 0.

e}
gcu(x)e)*
L O

Compute the position of the string at x=1
and the moment t=1. by means of a Fourier series of order 8.

1) u(1,1.) = 1.29408
2) u(l,1.) = -5.70046
3) u(1l,1.) = 0.742814
4) u(1,1.) = -1.91423

5) u(l,1.) = -4.80809
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Exercise 1

Compute the volume of the domain limited by the plane
9x+z=8 and the paraboloid z=5x%+5y%.

1) 219.842
2) 9.05625
3) 45.6167
4) 216.562
5) 13.9093
Exercise 2

Compute the area of the domain whose boundary is the curve

r:[0,21] ----->R?
(V3-1) sin(t) 143 A3-1 (1+ 43 sin(t)
(—72‘/3 _z«/E cos (t) (cos(t)+2) z«ﬁ_iz«ﬁ cos (t) (cos(t)+2)
r(t)= ) ) in2
sin® (t) +1 sin® (t) +1

Indication: it is necessary to represent
the curve to check whether it has intersection points.

1) 7.25841 2) 5.25841 3) 4.85841 4) 8.05841

Exercise 3
[ 6%u 5%u
et (X,t) 7255 (X,t) O<x<, O<t
u(e,t)=u(r,t)=0 o<t
%X O<x<2
u(x,0)= O<X<T
’ JIx L2 7 2<xs<n
-2 -2
aﬁiu(x,e):-z (Xx-2) (Xx-1)x* (X-7) @.=<x=<x
L © True

Compute the position of the string at x=1
and the moment t=0.2 by means of a Fourier series of order 12.

1) u(1,0.2) = -5.48098
2) u(1,0.2) = -0.191752
3) u(1,0.2) = -7.33746
4) u(1,0.2) = -7.5595

5) u(1,0.2) = 3.3182
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Exercise 1

Given the function
f(X,y,z)=21-2x+x>-4y+y®>-62z+2z> defined over the domain D=
X2 Y2 g2

— + — + — <1, compute its absolute maxima and minima.
9 9 16

1) We have a maximum at {-0.455515, -0.911031, ?}
2) We have a maximum at {?, -0.711031, -3.36239}
3) We have a maximum at {-@.655515, ?, -3.36239}

4) We have a maximum at {-0.655515, ?, -4.06239}

Exercise 2

Compute the Gauss curvature for X(u,v)=
{Cos[u] (4+3Cos[v]) +2 (4+3Cos[v]) Sin[u] -Sin[v], -2Cos[u] (4+3Cos[V]) -
3 (4+3Cos[v]) Sin[u] +Sin[v], (4+3Cos[v]) Sin[u]} at the point (u,v)=(5,5).

1) K(5,5) = 4.59147
2) K(5,5) = ©.0000689753
3) K(5,5) = 7.28138
4) K(5,5) = -6.98301
5) K(5,5) = -0.886884
Exercise 3
[ ou 5%u
= (X, 1) :QQ (X,t) O<x<, O<t
ou ou
- (O,t):g( (T,t) =0 o<t
7 x O<x=<1
u(x,0)= 12 -5x 1<x=<3 gox<r
23X 5% 3 3<x<7
-3 -3
L © True

Compute the temperature of the bar at the point x=1
and the moment t=0.3 by means of a Fourier series of order 10.

1) u(1,0.3) = -08.22569
2) u(1,0.3) = -0.236007
3) u(1,0.3) = 4.66014
4) u(1,0.3) = 2.41733

5) u(l,0.3) = 3.78426
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Exercise 1

Given the system

Xyu; -2Xusz=-84
-2Xy-=-30

determine if it is possible to solve for variables x,y in terms of variables
U, Uz, U3, Ug, Us arround the point p=(x,y, U3, Uz, U3, Us, Us)=(-3,

oy
-5,-4,-2,-4,-4,3). Compute if possible — (-4,-2,-4,-4,3).

du,
oy 13
1) 7<_41_2)_4)_4)3>:7
du, 4
oy 7
2) 7(’4:*21’4:*4)3):7
6U1 2
oy 29
3) 7(’4)’21741*4)3):*
ouy
oy 25
4) 7(’4:’2:’4J’4)3>:7
Oou, 8
oy 27
5) 7<_4J_21_4J_4)3>:7
du, 8
Exercise 2

Compute the Gauss curvature for X(u,v)=
{-18u®-u (1+14v) +2 (-9+9v+8V?), v, -27u’-u (2+21V) +3 (-9+9v+8V?)}
at the point (u,v)=(-1,-1).

1) K(-1,-1) = -0.947956
2) K(-1,-1) = 3.46071
3) K(-1,-1) = -5.63989x10°°
4) K(-1,-1) = -1.39941

5) K(-1,-1) = 2.23362
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Exercise 3
X (x,t) =40*2L: (X, 1) Q<x<m, @<t
ot ox
u(@,t)=u(r,t)=0 0<t
U(x,0)=-2(x-3) (x-1) x (x-7m) @=<X=T
0 True

Compute the temperature of the bar at the point x=2
and the moment t=0.1 by means of a Fourier series of order 12.

1) u(2,0.1) = -3.94391
2) u(2,0.1) = -1.89389
3) u(2,0.1) = -4.38542
4) u(2,0.1) = 0.203108

5) u(2,0.1) = 3.46071
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Exercise 1

Given the system

3Xyu; =-36
3uf-2xujuz+2yupus=-18

determine if it is possible to solve for variables x,y in terms of variables
Ui, Uz, U3, Ug, Us arround the POint pP=(X, Y, U1, Uz, U3, Ug, Us)=(-1

oy
,-4,-3,2,1,4,-1). Compute if possible — (-3,2,1,4,-1).

Ous

oy 4

1) 7(73:2)1)4)’1):7
6U3 3
oy 7

2) 7(’3:2:1:4:’1):7
Ous 3
oy 5

3) 7(_3)2.‘1)4)_1):7
dus 3
oy 8

4) 7<_3)2)1J4)_1>:7
dus 3
oy

5) 7(’3:2)1)4)*1):2
ous

Exercise 2

Compute the Gauss curvature for X(u,v)=
{-4+4u?+u (7-8v) +11v+10V?, v, -18+18U° +u (17 -20V) + 27 v + 25V*}

at the point (u,v)=(-5,-2).

1) K(-5,-2) = -5.16742
2) K(-5,-2) = 4.9332

3) K(-5,-2) = -4.43383

4) K(-5,-2) = 4.40565x10°°

5) K(-5,-2) = -4.02895
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Exercise 3
[ (X, t) =40*2L: (X,t) Q<x<m, O<t
ot X
u(@,t)=u(m,t)=0 0<t
6 x O<x<1
u(x,@): 8-2x 1l<x<2 O<Xx<7T
XL B4 2<xsr
-2 -2
L O True

Compute the temperature of the bar at the point x=1
and the moment t=0.4 by means of a Fourier series of order 12.

1) u(1,0.4) = -3.06591
2) u(1,0.4) = 4.0958

3) u(1,0.4) = 3.75701
4) u(1,0.4) = 7.16202

5) u(l,0.4) = 0.877452
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Exercise 1

Compute the volume of the domain limited by the plane
X+72z=7 and the paraboloid z==9x%*+9y?.

1) ©.103633
2) 0.174731
3) ©.721915
4) 0.117805
5) ©0.234396
Exercise 2

Consider the vector field F(x,y,z)=
{-2+sin[y*+2%], 7xy +Cos[x* +2*], -7yz+Cos[2y?|} and the surface
-3+X ) 6+y -3+z

( )2+ ( )2+ ( )%=1
7 9 2

Compute JF .
S

Indication: Use Gauss' Theorem if it is necessary.

S

1) 43225.6 2) -59849.4 3) 152951. 4) 33250.6
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Exercise 3
o (1) =2575 (%, 1) 0<x<1, B<t
u(e,t)=u(l,t)=0 o<t
50 x 3
— O<x=<—
3 10

U(x,0)={ 8-10x = <x=

1
1o _ 1ox — <x=<1

LY
=
o
x

3
~90Xx  @s=x=—
10
2u(x,e): 40x-13 L <x<? @.=5x=1
ot 5
L O

True

1
Compute the position of the string at x= —

and the moment t=0.3 by means of a Fourier series of order 8.

1

1) u(—,0.3) = -3.401
2
1

2) u(—,0.3) = 7.54686
2
1

3) u(-,0.3) = 0.315821
2
1

4) u(-,0.3) = -6.12027
2
1

5) u(—,0.3) = -3.44016
2
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Exercise 1

Compute V[(xy)dxdydz for D=
D
{4ysx2510y, sxyzt<i1<1exyz®, z2°<x®y®<62°, x>0, y>0, Z>0}
1) -0.592898
2) 1.4071
3) 0.00710208
4) 1.9071

5) -0.792898

Exercise 2

Consider the vector field F(x,y,z)=
{8-4z-sin[2y*-22°], 102+ Cos[2X’], e ¥ 48y + 62} and the surface
-8+ X ) 3+y z

)i (—) % (o) %=1
6 5 8

Compute JF.
s

Indication: Use Gauss' Theorem if it is necessary.

S

(

1) 6031.86  2) 4825.66  3) 28346.6 4) 13872.2
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Exercise 3
M 6% 5%u
e (X,t) :4§ (X,t) O<x<1l, o<t
u(e,t)=u(l,t)=0 o<t
50 x 7
— Osxsﬁ
7
u(x,0)= sox 58 7 O<x=<1
-= —=x=1
3 3 10
) _ 2 3 3 2
—u(x,0)=2 (x-1) (x - 5) (x- 10) x> 0.=x=<1
L O True
9
Compute the position of the string at x= —
10
and the moment t=0.3 by means of a Fourier series of order 12.
9
1) u(— ,0.3) = 2.10669
10
9
2) u(— ,0.3) = -3.68422
10
3) u(— ,0.3) = 4.21477
10
4) u(— ,0.3) = 0.728991
10
5) u(— ,0.3) = -0.102396
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Exercise 1

Given the function

f(X,yY,2)=-27+4x-x>+4y-y?>+6z-2> defined over the domain D=
XZ y2 ZZ
— + — + — <1, compute its absolute maxima and minima.
9 25 25

1) We have a maximum at {1.7, ?, 3.6}
2) We have a maximum at {2, 2, ?}
3) We have a maximum at {?, 0.5, 1.8}

4) We have a maximum at {3.2, ?, 4.2}

Exercise 2

Consider the vectorial field F(x,y, z)=(
—2y22 sin(xz) +6xy+4x, 3x2+22cos(xz) ,2ycC0s(xz) -2xyzsin(x2z)

). Compute the potential function for this field whose potential at the origin is -5.

. Calculate the integral of the potential function ¢ over the domain [0,1]3.

1) 1.02636  2) ©.226364  3) -3.37364 4) 5.42636

Exercise 3
N x,t) 21622 (x,t) O<x<r, B<t
ot ox
ou Au
2 (0,t) =2 (m,t) =0 o<t
U(X,0)=—((x-1)x (x-m)) @=<X=<7w
0 True

Compute the temperature of the bar at the point x=1
and the moment t=1. by means of a Fourier series of order 12.

1) u(1,1.) = -0.481591
2) u(l,1.) = -2.00267
3) u(1,1.) = -1.7043

4) u(1,1.) = ©.938922

(%]
c
=
-
=
|

= -4.56143
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Exercise 1

Compute J(Z x?)dxdydz for D=
D

{2y4sx7z756y4, sx?yb<z®<12x?y%, 82 <x*y? <97%, x>0, y>0, z>0}

1) ©.0017793

2) -1.69822
3) 9.701779
4) 1.50178
5) -1.69822

Exercise 2

Consider the vector field F(x,y,z)=
{-5xyz+Cos[z?], -9y z+Cos[x*], xy+Sin[2x*-2y?*|} and the surface
9+ x -2+y ) 9+z )

S=(—— )%+ ( )R (——) =1
8 2 2

Compute JF .
S

Indication: Use Gauss' Theorem if it is necessary.

1) 22921.1 2) -11460.4 3) -36673.5 4) 61886.8
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Exercise 3
[ ou 52u
2 ot =7 (61 0<x<1, o<t
du ou
~ (e,t):g( (1,t)=0 0=t
70 x esxsl—le
U(X,0)=9 75 76x 1 0=x=<1
—-— —=<xx=1
9 9 1o
0 True
4
Compute the temperature of the bar at the point x= —
5
and the moment t=0.3 by means of a Fourier series of order 9.
4
1) u(—-,0.3) = 1.30389
5
4
2) u(—-,0.3) = -1.00439
5
4
3) u(-,0.3) = 3.97317
5
4
4) u(—-,0.3) = 4.60781
5
4
5) u(—,0.3) = 3.40028
5
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Exercise 1

Given the system

vx-2x*-ux?-3vy+uvy+xiy=-2
X2 +x3+2y+2x%y =44

determine if it is possible to solve for variables x,y in terms of variables u, v

oy
arround the point p=(x,y,u,v)=(-3,4,2,2). Compute if possible — (2,2) .
ou
oy 3
1) —(2,2)=—
ou 13
oy 7
2) —(2,2)=—
ou 13
oy
3) —(2,2)=—
ou
oy
4) —(2,2)=—
ou 13
oy
5) —(2,2)=—
ou 13
Exercise 2
Compute the Gauss curvature for X(u,v)= {15—25u+6u2—21v+18uv+9v2,
10-17u+4u*-14v+12uv+6Vv>, -5-2u’+u (8-6V) +8v-3Vv?*} at the point (u,v)=(-8,3).
1) K(-8,3) = -3.35617x10°8
2) K(-8,3) = 6.85898

3) K(-8,3) = 8.13066
4) K(-8,3) = -8.06296

5.33138

5) K(-8,3)
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Exercise 3
X x,1) =422 (x, 1) B<x<3, Bt
ot ox
u(e,t)=u(3,t)=-0 o<t
-9x O=<x<1
U(x,0)=4 ox 27, 5 @=x=3
2 2
0 True

Compute the temperature of the bar at the point x=2
and the moment t=1. by means of a Fourier series of order 10.

1) u(2,1.) = 8.61017
2) u(2,1.) = -5.58586
3) u(2,1.) = -8.04724
4) u(2,1.) = 7.85353

5) u(2,1.) -0.076598
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Exercise 1

Given the system

3uvw-2wx-3vwy =140
—u?2-3v2x+2vVwy=-137

determine if it is possible to solve for variables x,y
in terms of variables u, v, w arround the point p=(x,y,u,vVv

oX
,W)=(4,-2,-5,-4,5). Compute if possible — (-5, -4,5) .

ov
OXx 36
1) — (-5,-4,5)=—
ov 41
ox 71
2) — (-5,-4,5)=—
ov 82
ox 73
3) — (-5,-4,5)=—
ov 82
ax 35
4) — (-5,-4,5)=—
ov 41
OX 69
5) — (-5,-4,5)=—
ov 82
Exercise 2

Compute the Gauss curvature for X(u,v)=
{Cos[u] (3+Cos[Vv]), -4 (3+Cos[v]) Sin[u] -3Sin[v], 7 (3 +Cos[Vv]) Sin[u] +5Sin[v]}
at the point (u,v)=(5,6).

1) K(5,6) = 7.59522

2) K(5,6) = 8.53971

3) K(5,6) = -5.03187
4) K(5,6) = 0.00253011

5 K(5,6) = -3.19095



Exercise 3
2t =2 k)

u

L O

Compute the temperature of
and the moment t=0.7 by

7x
2

u(@,t)=u(5,t)=0

O=<x<2

(X,0)=713_3x 2<x<4
5-x

u(4,0.7)
u(4,0.7)
u(4,0.7)
u(4,0.7)

u(4,0.7)

4<x<5

-3.21514

-3.7045

7.89733

-0.954883

1.75647

O<x<5, o<t
0=t

O=<x<5

True

the bar at the point x=4
means of a Fourier series of order 11.
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Exercise 1

Given the system

2Xy?+yUy+2U2 -yug-2Us+3XUs + 3 XUy Us == 12

3x?y +3x%u; = -6

determine if it is possible to solve for variables x,y in terms of variables

Up, Up, Uz, Ug, Us arround the POint p=(X,Y, U, Uy, U3, Us, Us)=(-1

OXx
,-4,-3,-4,2,3,2). Compute if possible — (-3,-4,2,3,2).

OUg
oXx 1
1) — (-3,-4,2,3,2)=-
Oug 2
ox
2) 7<_3J_4:2)3)2>:1
Ouy
ox 5
3) — (-3,-4,2,3,2)=-
Ouy 4
ox 1
4) 7(73)74)2)3,‘2):7
Oug 4
ox 3
5) 7(’3:’4:2:3,-2):7
Oug 4
Exercise 2

Compute the Gauss curvature for X(u,v)=
{Cos[u] (3+2Cos[v]), -2Cos[u] (3+2Cos[Vv]) - (3+2Cos[v]) Sin[u] -2Sin[v],

2Cos[u] (3+2Cos[v]) + (3+2Cos[v]) Sin[u] +Sin[v]} at the point (u,v)=(1,5).

K(1,5) = 8.25181
K(1,5) = 8.26886
K(1,5) = 1.91637
K(1,5) = 0.00144444
K(1,5) = -5.68685




Exercise 3

Ou
ot

(x,t) =42¥ (x,t)

ox?

u(@,t)=u(r,t)=0

U(x,0)=(x-2) x% (x-)

0

Compute the temperature of the bar at the point x=2
and the moment t=0.6 by means of a Fourier series of order 11.

u(2,0.6)
u(2,0.6)
u(2,0.6)
u(2,0.6)

u(2,0.6)

-5.99713
-2.4592
-2.25459
-1.9649

-0.19194

O<x<m, O<t

2
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Exercise 1

):(5)’114171)0)*1)-
Oul
ox 3
1) 7(4,-’1:0:’1):’7
@Ul 13
ox 2
2) — (4,-1,0,-1)=-—
du, 13
ox 4
3) — (4,-1,0,-1)=-—
du, 13
ox 5
4) 7(4171)9)’1):’7
Oul 13
ox 1
5) 7(4,- 1:6: 1):’7
@Ul 13
Exercise 2
Compute the Gauss curvature for X(u,v)=
{7u-2v, -3u+v, 2—9u+3u2—v—3v2} at the point (u,v)=(-8,-5).
1) K(-8,-5) = -4.6256x1077
2) K(-8,-5) = 5.85368
3) K(-8,-5) = -2.8972
4) K (-8,-5) = 7.15538
5) K(-8,-5) = 3.02617

Given the system

~3XYy-2XUg +UyUs+3U2+2XU3Uy=-25
3Xy-Uuduy;+2yuyu,==-1

determine if it is possible to solve for variables x,y in terms of
variables u;, u,, us, us arround the point p=(x,y,u;, Uy, Us, Uy

Ox
Compute if possible — (4,-1,0,-1) .




Exercise 3

Ou
ot

_ o

T ox?

(x,1)

(x,1)

u(@,t)=u(r,t)=0

U(X,0)=(x-1) x (x-m?2 0<x=rx

0

Compute the temperature of the bar at the point x=2
and the moment t=0.4 by means of a Fourier series of order 8.

u(2,0.4)
u(2,0.4)
u(2,0.4)
u(2,0.4)

u(2,0.4)

1.10474

-3.75389

-0.858737

-1.00621

-4.44374

O<x<m, o<t
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Exercise 1

Given the function

f(X,y,z)=-3+x*-2y+y?+2z* defined over the domain D=
X2 y2 ZZ
— + — + — <1, compute its absolute maxima and minima.
9 25 25

1) We have a maximum at {0.2, -4.6, ?}
2) We have a maximum at {-0.2, ?, 0.2}
3) We have a maximum at {-0.1, -5.3, ?}

4) We have a maximum at {@., ?, 0.}

Exercise 2

Consider the vectorial field F(x,y,z)=(yzsin(xyz)+yz (xyz-3yz)cos(xyz)-2xy+2x
) x4 (xz-32z)sin(xyz) +xz (xyz-3yz)cos(xyz)
, (Xxy-3y)sin(xyz) +xy (xyz-3yz)cos(xyz)
). Compute the potential function for this field whose potential at the origin is -5.

. Calculate the integral of the potential function ¢ over the domain [0,1]°.

1) -17.4594 2) -4.95936 3) -6.45936 4) -15.4594

Exercise 3
r 2
2 (1) =167 (x, 1) 0<x<1, O<t
lel el
o, (@,1) =0 (1,1) =0 o<t
40 x 05Xs§
u(x,90) 1 O<x=<1
10 - 10 x : <x=<1
0 True

1
Compute the temperature of the bar at the point x= —
5

and the moment t=0.5 by means of a Fourier series of order 9.

1

1) u(—-,0.5) = -2.39308
5
1

2) u(—,0.5) = 4.75656
5
1

3) u(-,0.5) = -2.99761
5
1

4) u(—-,0.5) = 4
5
1

5) u(- ,0.5) = 3.03422
5
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Exercise 1

Compute the volume of the domain limited by the plane
8x+52z=108 and the paraboloid z=3x%+3y?.

1) 12.0425
2) 0.280243
3) 4.27039
4) 11.5951
5) 2.56503
Exercise 2

Consider the vector field F(x,y,z)=

{ezyuzz -5x, 3z+Cos[x*-22°], 9x+Sin[2x2—2y2” and the surface

-4+ X -9+y 1+z
S=( )2+ ( )2+ ( )%=1
4 5 1

Compute JF .
S

Indication: Use Gauss' Theorem if it is necessary.

1) -418.879 2) -544.579 3) -1675.88 4) -1508.28

Exercise 3
% (X,t) :9% (X,t) O<x<, O<t
u(@,t)=u(m,t)=0 o<t
u(x,0)=(x-2) (x-1) x (x-r) Q=<X=71

@—iu(x,@):3 (Xx-3) (Xx-1) x (x-7m) @.=X=T7

0 True

Compute the position of the string at x=1
and the moment t=0.9 by means of a Fourier series of order 8.

1) u(1,0.9) = 2.29433
2) u(1,0.9) = -3.78716
3) u(1,0.9) = 1.26517
4) u(1,0.9) = 4.55515

5) u(1,0.9) = -3.73475



